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Sesavali 
 

SemTxveviTi zomebi albaTobis Teoriisa da maTematikuri statistikis 
umniSvnelovanesi obieqtia. sakmarisia davasaxeloT empiriuli ganawilebebi, 
puasonis SemTxveviTi zomebi da sxva. SemTxveviT zomebs mniSvnelovani 
gamoyeneba aqvs maTematikur statistikaSi, kerZod araparametrul baiesur 
SefasebebSi (ix. [1]). aseTi zomebis Tvisebebi didi xania rac Seiswavleba. 
Sedegebi, romlebic miRweuli iyo gasuli saukunis 70-ian wlebamde, 
gadmocemulia olaf kalenbergis cnobil wignSi (ix. [2]). aq ganxilulia 
krebadobasTan dakavSirebuli problemebi, kerZo klasebis maxasiaTeblebi, 
asaxvebisas warmoSobili zomadobis sakiTxebi da sxva.  

Teoriis ganviTarebisaTvis Zalze mniSvnelovani roli iTamaSa 
gulbartis Sromam [3]. man gamoiyena aronzainis ([4]) e.w. gulovani 
reproduqciuli hilbertis sivrcis cneba da zomaTa klasSi SemoiRo 
skalaruli namravli. amiT man safuZveli daudo SemTxveviTi zomebis, 
rogorc hilbertis sivrcis elementebis, kvlevebs. am mimarTulebiT 
Sesrulda mravali Sroma. aRvniSnoT ramodenime. 1992 wels eliotma ([5]) 
aCvena radon-nikodimis Teoremis variantis samarTlianoba SemTxveviTi 
zomebisaTvis. 

siquelma ([6]) 1993 wels Seiswavla SemTxveviTi zomebis krebadobis 
Tvisebebi. amisaTvis man gamoiyena aseTi zomebis garkveuli usasrulo 
ganzomilebiani hilbertis sivrcis elementebad warmodgenis teqnika da 
Sesabamisad, sakiTxi daiyvana hilbertis sivrceSi SemTxveviTi elementebis 
krebadobamde. manve 2005 wels ([7]) gamoiyena igive meTodi da aCvena 
centraluri zRvariTi Teoremis da did ricxvTa kanonebis samarTlianoba 
SemTxveviTi zomebisaTvis.  

brikma da smolenskim ([8]) moiyvanes empiriuli SemTxveviTi zomis 
krebadobis pirobebi normalurad ganawilebuli SemTxveviTi zomisaken. 
bariSnikovma da iukiCma ([9]) ganazogades es Sedegebi SemTxveviTi zomebis 
jamebis normaluri zomisaken krebadobisaTvis pirobebi.  

mravali Sromaa miZRvnili SemTxveviT zomebis Seiswavlisadmi srul 
metrikul sivrceebSi. problematika dakavSirebulia SemTxveviTi 
zomebisaTvis proxorovis Teoremis ganzogadoebasTan aseTi sivrceebis 
SemTxvevaSi. es nawili kargadaa gadmocemuli qrauelis monografiaSi [10]. 
orbancis [11] statiaSi ganxilulia SemTxveviTi zomebis proeqciuli 
zRvrebis problematika polonur sivrceebSi. 

2010 wels roudsma da vargasma ([12]) ganmartes usasrulod dayofadi 
SemTxveviTi zomebi da daamtkices xinCinis Teoremis analogi aseTi zomebis 
maxasiaTebeli funqcionalebisaTvis. 

gasuli saukunis 70-iani wlebidan iwyeba stoqasturi variaciuli 
aRricxvisa (e.w. maliavinis aRricxva) da gluvi zomebis Teoriebis ageba. 90-
iani wlebidan moyolebuli am Teoriebma mZlavri biZgi misces stoqasturi 
analizis sxvadasxva mimarTulebebis ganviTarebasa da miRweulis 
axleburad gaazrebas. es Seexo SemTxveviTi analizis yvela mimarTulebas, 
maT Soris SemTxveviTi zomebis Teoriasac. daisva axali tipis amocanebi, 
damuSavda kvlevis axali meTodebi. winamdebare naSromi eZRvneba 
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stoqasturi variaciuli aRricxvisa da gluvi zomebis ideebis gamoyenebas 
SemTxveviTi zomebis kvlevaSi. 

pirvel TavSi mocemulia simravleTa SemTxveviTi funqciebis da 
SemTxveviTi zomebis ganmartebebi,  gamokvleulia maTi zogierTi Tviseba, 
miRebulia nawilobiTi integrebis formulebi, romlebic warmoadgenen 
klasikuri stoqasturi Teoriis analogebs SemTxveviTi zomebisaTvis. 

ganixileba namdvil mniSvnelobebiani simravleTa SemTxveviTi 

funqciebi  A,    A,  sadac X _raime simravlea,  am simravlis 

qvesimravleTa algebra, xolo    albaTuri sivrce. es funqciebi 
savsebiT ganisazRvreba sasrulganzomilebian ganawilebaTa erTobliobiT: 

 
 )),(,...),(,),((:

,...,

2211

21,..., 21

nn

nAAA

AAAP
m

n






 (1) 

romelic akmayofilebs SeTanxmebulobis Semdeg pirobebs: 

   nAAA
k

nAAAAAA nknnnn
mRm 


,...,,,..., 21,...,21...,,,..., 212121

 (2) 

   nAAASnAAA Smm
nn

 ,...,,..., 21),...,(21,..., 2121
 (3) 

sadac  iA ,  .,...2,1 ni    ,...2,1n ;  i  ni ,...2,1  borelis simravleebia 

R  namdvil ricxvTa sivrceSi. xolo S  elementTa nebismieri 
gadanacvlebaa. 

 A,    A,    simravleTa SemTxveviT funqcias ewodeba 

sasrulad adiciuri, Tu igi akmayofilebs pirobas:  
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 A,    A,  T.y. sasrul, simravleTa SemTxveviT funqcias, 

vuwodebT Tvladad  adiciurs, saSualo kvadratuli azriT, Tu  

0)(lim
2

11
















n

i
i

i
in

AAE    

iA ,      .,...2,1 ni         ji AA      )( ji  . 

SemTxveviTi, TiTqmis yvelgan sasruli,  , A   simravleTa funqciis  

k -uri momenti ase ganimarteba: 

       kkk AAAEAAA  ...,..., 2121   

                       iA ,      ki ,...2,1  

naCvenebia, rom 
1) Tu simravleTa SemTxveviTi funqciis meore rigis momenti 

 212 , AA    21, AA  TiToeuli argumentis mimarT sasrulad adiciuria, 

maSin igive Tviseba gaaCnia ufro maRali rigis momentebsac da piriqiT, 

simravleTa SemTxveviTi funqcia   A,    A, ,  romelsac gaaCnia 

TiToeuli argumentis mimarT sasrulad adiciuri meore rigis momenti, 
TviTonaa adiciuri Sesabamisi azriT. 

2) saSualo kvadratuli azriT Tvladad  adiciuri, T.y. sasruli, 

simravleTa SemTxveviTi  A,    A,   funqciis yvela arsebuli 
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momenti, Tvladad adiciuri simravleTa funqciaa TiToeuli argumentis 

mimarT da piriqiT, T.y. sasruli, simravleTa SemTxveviTi  A,  

  A,  funqcia, romelsac gaaCnia Tvladad adiciuri meore rigis 
momenti TiToeuli argumentis mimarT, TviTonaa Tvladad adiciuri 
saSualo kvadratuli azriT da misi yvela arsebuli momentic Tvladad 
adiciuria TiToeuli argumentis mimarT.  

Ddamtkicebulia Teorema 
 

Teorema 1.1.1. Tu   A,    A,  sasrulad adiciuri 

simravleTa funqciaa, maSin  
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lA ;     sl AA    sl  ;   1,...2,1,  ksl  

ganvixiloT zomaTa erToblioba 

1 2 ... 1 2( ... )
nA A A nm     (5) 

iA  ;  Bi  ;  ,....2,1i  

sadac B  borelis algebraa R -idan.  
 

Teorema 1.1.2. Tu (5) zomaTa erToblioba akmayofilebs (2), (3)  da (4) 

pirobebs, maSin arsebobs simravleTa SemTxveviTi funqcia ),( A , romelic 

TiTqmis yvelgan sasrulad adiciuria da romlis sasrulganzomilebian 
ganawilebebs  aqvT (1) saxe. Tu garda amisa Sesrulebulia piroba:  

  0)(2 dzmz
nA  

roca nA , maSin ),( A  saSualo kvadratuli azriT  -adiciuria. 

vuwodoT  simravleTa SemTxveviTi  ),( A  funqciis maxasiaTebeli 

funqcia, funqciaTa Semdeg erTobliobas  

         



n

k
kk

n

Ati

nAAA Eettt 1
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 (6) 

,Rtk     ,kA    ,,...2,1 nk    ,...2,1n ; 

)...,( 21..., 21 nAAA ttt
n

  maxasiaTebeli funqciebisaTvis SeTanxmebulobis (10) da 

(11) pirobebi ase Caiwereba: 

   
1 2 1 1 2, ... , ... 1 2 , ... 1 2( , ... ,0...0) ( , ... )

n n n k nA A A A A n A A A nt t t t t t
 

   (7) 

)...,()...,( 21...,21)...,( 2121 nAAAnAAAS ttttttS
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 Tu ),( A  simravleTa sasrulad adiciuri SemTxveviTi funqciaa, 

maSin  
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       Rtk  ;  iA ;   ji AA   )( ji  ;  ;...2,1,, njik   ,...2,1n  

 
Teorema 1.2.1. Tu funqciaTa erToblioba  

1 2, . . . 1 2( , . . . )
nA A A nt t t  

         ,Rtk     ,kA    ,,...2,1 nk    ,...2,1n ; 

dadebiTad gansazRvrulia da akmayofilebs  (7), (8) pirobebs, maSin 

arsebobs simravleTa SemTxveviTi funqcia ),( A   )( A , romelic 

akmayofilebs (5) tolobas. Tu, garda am pirobebisa, Sesrulebulia (9) maSin 

),( A  simravleTa sasrulad adiciuri SemTxveviTi funqciaa. 

 Semdgom, agebulia integrali  SemTxveviTi zomebiT. igulisxmeba, rom 

arseboben ),(  A  simravleTa SemTxveviTi funqciis pirveli da meore 

rigis momentebi:  

  0AE    da        jiji AAAAE   . 

ganixileba martiv kompleqsur mniSvnelobebiani )(x  )( Xx  

funqciaTa 0H  simravle.  

1

( ) ( )
k

n
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k
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kA ,  Ck  ,  XA
n

k
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1
, ji AA    ji  , nk ,...2,1  

0H   simravleze SemoRebulia skalaruli namravli Semdegi tolobis 

saSualebiT 
 

         dydxyxAA
X X

ji

mn

ji
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,

1,
,  (10) 

 

0H  sivrcis (10) skalaruli namravliT gasrulebis da faqtorizaciis 

Sedegad miRebuli sivrces avRniSnavT H -iT.  0)( Hx   funqciidan 

integrali )(A  SemTxveviTi zomiT ase ganimarteba 

 ,)()()(
1

 
X

n

k
kk Adxx  

aseTi SemTxveviTi sidideebisaTvis 
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H
X XX X

X X

dydxyxdydxEyx

dyydxxEE





  

 













 

Hx )(  funqciebisaTvis arsebobs mimdevroba 0)( Hxk   iseTi, rom 



 7

0 Hk , 

 

radgan   
2

, , 0k m k mH E         , amitom arsebobs SemTxveviTi 

sidide   iseTi, rom                     

0, 2
kE , 

da 

 , ( )
def

X

x dx       

sidides vuwodebT   integrals  Hx )(  funqciidan  ),(  A  SemTxveviTi  

zomiT.                

simravleTa sasrulad adiciur ),(  A  ( ),  A   SemTxveviT 

funqcias vuwodebT diferencirebads  Xhh   mimarTulebiT, Tu 

arsebobs SemTxveviTi  funqcia ),(  Ah  ),(  A  iseTi, rom 
2

0

( ) ( )lim ( ) 0 ( )hs

A sh AE A s R
s

  


      

naCvenebia, rom, Tu  21 AA   diferencirebadia TiToeuli argumentis 

mimarT h  mimarTulebiT da arsebobs Sereuli   

warmoebuli )( 21
21 AADD hh  , maSin SemTxveviTi  funqcia ),(  A , 

diferencirebadia  h  mimarTulebiT da 

   1
1 2 1 2( ) ( )h hD A A E A A     

   2
1 2 1 2( ) ( )h hD A A E A A     

 1 2
1 2 1 2( ) ( ) ( )h h h hD D A A E A A      

 am Tvisebebis gaTvaliswinebiT damtkicebulia Teorema 
 

Teorema 1.5.1: Tu  21 AA   ),( 21 AA  diferencirebadia TiToeuli 

argumentis mimarT da arseboben  Sereuli   warmoebulebi h  

mimarTulebiT, maSin nebismieri )(x  funqciisaTvis, romelic 

SemosazRvrulia Tavis warmoebulTan erTad, samarTliania nawilobiTi 
integrebis formula  

( ) ( ) ( ) ( )h h
X X

x dx x dx                

 algebraze ganvixlavT simravleTa skalaruli funqcias )( A , 

romelic ganisazRvreba formuliT:  

 
XXX

AA AdxxdydxyIxIA )()()()()(,)(   

L -iT avRniSnavT yvela )( A     AH ,  funqciaTa simravles. 

L -ze Semogvaqvs hilbertis sivrcis struqtura skalaruli namravliT: 
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)()()(,),( dydxyx
XX

     

operatori, romelic  -s asaxavs  -Si Seqcevadia. am operators 

avRniSnavT 
1S  simboloTi, 

 1S , 

xolo mis Sebrunebul operators, romelic L -s H -Si asaxavs, S -iT. 

 S  

yoveli L  elementi warmoadgens  H -ze gansazRvrul wrfiv 

funqcionals 


X

dxx )()(),(    

H  sivrceSi virCevT orTonormirebul baziss  k  ),...2,1( k , L  

sivrceSi mas Seesabameba  
k   elementTa  erToblioba, amasTan  

                                k j k j     

yoveli L  elementi warmodgeba Semdegi saxiT: 

11   SS  


1k
kkc  







1

1

k
kk Sc  






1k
k k

c   

ganvixiloT Q  )( IQ   Caketili  dadebiTad gansazRvruli wrfivi 

operatori H  hilbertis sivrceSi, romlis Sebrunebuli  
1Q  hilbert-

Smidtis operatoria, xolo  k  ),...2,1( k  Q  operatoris sakuTriv 

veqtorTa sruli sistemaa 

kkkQ    

Cveulebrivi wesiT vagebT hilbert-Smidtis struqturas 

  HHH  

sadac H  warmoadgens Q  operatoris gansazRvris ares normiT 

 Q


     )( H  

xolo H , H  sivrcis gasrulebaa normiT  

 1

 Q       )( H  

es formula vrceldeba H -is yovel elementze 

 1

 Q        )( H  

H  da H  sivrceebs Soris arsebobs binaluri mimarTeba: 

 1,),(  QQ          ),(   HH   

),(   forma warmoadgens skalaruli namravlis gafarToebas  H -Si,  

HH  -dan    HH -ze. 
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axla avagoT hilbertis struqtura    LLL  ise, rom  

komutaciuri iyos Semdegi diagrama 

  HHH QQ
 

                     1S             1S                              

  LLL qq
 

(11) 

amgvarad, L  sivrce Sedgeba iseTi L  elementebisagan romelTaTvisac  

H   da 

     
X

dxAxA )()()(        )( A , 

 q  operatori calsaxad gansazRvravs L  sivrces. misi elementebi 

Semdegnairad Caiwereba 







1k
k k

c       ),(
kkc          ( ,...2,1k ) 

sadac  
 






2

1k k

kc


 

 

 L   warmoadgens ganzogadebul zomas da igi aris wrfivi 

uwyveti funqcionali H -ze, romelic ganisazRvreba formuliT: 

 





X k
k

def

k
cdtx

1
),()(),(    

meore TavSi mogvyavs SemTxveviTi zomebis zogierTi, gamoyenebiTi 
xasiaTis Sedegi. kerZod, miRebulia iakobis Teorema SemTxveviTi zomis 
arawrfivi gardaqmnisaTvis da gamoTvlilia radon nikodimis simkvrivis 
formula, Seswavlilia absoluturad uwyvetobis sakiTxebi da 
gafarToebuli stoqastikuri integralebi SemTxveviTi zomebis mimarT. 
moyvanilia miRebuli Sedegebis gamoyeneba Termodinamikis klasikuri 
gantolebis amonaxsnis saSualos SefasebisaTvis. Seswavlilia 
absoluturad uwyvetobis sakiTxi erTi zogadi xasiaTis sasazRvro 
amocanisaTvis SemTxveviTi "xmauriT". Tavis bolo nawili exeba 
diferencialuri gantolebebis sawyisi ganawilebis statistikur Sefasebas, 
intervalis bolos arsebul dakvirvebaTa safuZvelze. 

ganixileba sivrceebis hilbertis struqtura (11), romelic 
gamartivebulad ase Caiwereba 




  HHHH
QSQ

 

amasTan, ganawileba      ( )
def

A A P A        Tavmoyrilia H -Si. 

vgulisxmobT, rom ~  ganawileba warmoadgens gluv zomas     H - e. i. 

arsebobs gluvi funqcia    HH: , romelsac ~  zomis logariTmuli 
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warmoebuli ewodeba, iseTi, rom yoveli   HHLf ,  funqciisaTvis 

samarTliania nawilobiTi integrebis formula: 

        ', , )
H H

f d f d         
 

        

   ,  gamosaxulebas vuwodebT ganzogadebul stoqastur integrals, 

romelsac ase avRniSnavT  
 


X

dxx ))(()(   (12) 

(12) integrals gavrcelebuls gluv ( , )x H    funqciebze kvlav vuwodebT 

gafarToebul stoqastur integrals da ase avRniSnavT:  

 ,))(()( Ddxx
X

  

vTqvaT, ~ gluvi zomaa H -Si, e.i. arsebobs logariTmuli 

warmoebuli    , H -sivrcis mudmivi elementebis mimarTulebiT, maSin ~-

s gaaCnia aseTi saxis logariTmuli warmoebuli 

       ', ,z z trz         

( ) :z H H    veqtoruli velis mimarT. 

vTqvaT tsu ,    ,, st  integraluri nakadia, SeTanxmebuli ),( tz   

veqtorul velTan. e.i. 

 ,ts
ts

du z u t
t
 

 ,      u      

da    
0

1
t ttu     . SamarTliania 

 

Teorema 2.1.1. Tu ),( tz   diferencirebadia  -s mimarT     da   

( , ) :z t H H   , ( , )z t H   yoveli t  da  -Tvis, xolo ~ -s gaaCnia 

logariTmuli warmoebuli  

      ,,~  

H -sivrcis mudmivi velebis mimarT, maSin yvela t -zoma eqvivalenturia da 

radon-nikodimis simkvrives aqvs saxe    

           0 0

1 1exp ,
t

t s
st s st

d du u tr d
d d 

      
 

   
      

  





,          

sadac       
0

1' ,t ttu z t  


  . 

Semdgom Seswavlilia    zomis arawrfivi gardaqmnis sakiTxi  H -

Si. SamarTliania 
 

Teorema 2.2.1. vTqvaT, ~  gluvi zomaa H -ze, romlis 

logariTmuli warmoebulia  
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( , ) ( ),       . 

  HHf :   Seqcevadi gardaqmnaa, romlis Seqceulic moicema formuliT: 
    Ff  :1

 

amasTan Sesrulebulia pirobebi: 

1) :F H H    uwyveti diferencirebadi asaxvaa; 

2)  'tFI   wrfiv operators gaaCnia SemosazRvruli Seqceuli , roca 

10  t , 0H .  

maSin zomebi   ~  da 
)1(~~~  f   eqvivalenturia da radon- 

nikodimis warmoebuls aqvs saxe: 

      








 
1

0
)(,)(expdet~

~~



 FdttFFI

d
d

 (13) 

Tu ~  gausis kanonikuri zomaa H -Si, maSin      da (21)-dan 

vRebulobT 

        






  2

1 ||||
2
1exp'det~

~~



 FFFI

d
d

 (14) 

Tu ~  gausis zomaa nulovani saSualoTi da R  birTvuli 

korelaciuri operatoriT H -Si 

     
X X

R E t z dt dz      

maSin,     1 R  da 

          






















22

1

2
1expdet~

~~



 FdRFFI

d
d

X
 (23) 

      am Teoremisa da (13), (14), (15) formulebis gamoyenebiT SemdgomSi 
Seswavlilia zomaTa ganawilebebi, romlebic warmoadgenen zomebiani 
diferencialuri gantolebebis amonaxsnebs  SemTxveviTi SesakrebebiT. 

ganixileba realuri  gazis  adiabatis   gantoleba  

   
 VTP

TCT
dT
dV v

,
  (24) 

      0        ,0            ,0         , 000  TMTVTaTT  , 

sadac )(T  gausis SemTxveviTi procesia ),( STR  korelaciis funqciiT  

 (24) gantolebis paralelurad ganixileba gawrfivebuli gantoleba 

0)(  T
dT
dU

  (25) 

avRniSnoT        
t

T

s

T
u ddRsUtEUstR

0 0

).()()(),(   
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(24) da (25) gantolebis amonaxsnebi )(TU  da )(TV warnoadgenen SemTxveviT 

zomebs. Teorema 2.2.1-is gamoyenebiT  naCvenebia, rom maT mier warmoqmnili 

zomebi u  da v  eqvivalenturia da radon-nikodimis warmoebuls aqvs saxe 













  
a

T

a

Tu

v dUgdWUgU
d
dU

0 0

),(
2
1)(),(exp)()( 2 




   

sadac  ( , )g V  warmoadgens 

0 0

( ) ( , ) ( , )
( , )

T a
v

u
T T

C t dt K T g V d
P t V

      

gantolebis amonaxsns, xolo ( , )uK t s -iT aRniSnulia iseTi ori cvladis 

funqcia,  romelic akmayofilebs tolobas: 

 
0

, ( , ) ( , )
a

u u u
T

R t s K t K s d     

Tu   aris 2 0[ , ]L T a -ze gansazRvruli funqcionali 2: L R  . (24) 

gantolebis amonaxsnisaTvis   funqcionalis mniSvnelobis )(VE  

saSualo ase gamoiTvleba  
 













  
a

T

a

T

dUgdWUgUEUUE
0 0

),(
2
1)(),(exp)()()( 2   

 Semdgom ganxilulia SemTxveva roca )(t  (24) da Sesabamisad (25) 
gantolebaSi warmoadgens e. w. ,,TeTr xmaurs". am dros miiReba stoqasturi 
diferencialuri gantolebeba  

 
 

( )
,

vC T
dV dW T dT

P T V
   

                      , 000 VTVaTT   

sadac )(TW  vineris procesia. am SemTxvevaSi radon-nikodimis warmoebuls 
aseTi saxe miecema: 

 
     

   












  

a

T

a

T

vv

u

v d
WP

C
dW

WP
C

U
d
d

U
0 0

,2
1

,
exp)()(

2













  

da   funqcionalis saSualo mniSvnelobisaTvis gveqneba 

     
     

   
















  

a

T

a

T

vv d
WP

C
dW

WP
C

WEVE
0 0

,2
1

,
exp

2










 

 Semdeg paragrafSi ganxilulia meore gvaris sasazRvro amocana 
SemTxveviT koeficientebiani Cveulebrivi diferencialuri 
gantolebebisaTvis 

 dauSvaT  P,,  fiqsirebuli albaTuri sivrcea;   ]1,0[22 LL  ki 
namdvilmniSvnelobebiani SemTxveviT funqciaTa sivrce, romelTac gaaCniaT 
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meore rigis sasruli momentebi  
1

0

22 )( dttxEx . skalaruli namravls am 

sivrceSi aqvs saxe   
1

0

)()(, dttytxEyx . vTqvaT )(tw  vineris procesia 

 ganixileba meore gvaris sasazRvro amocana 

),()()()( twtytty                             (26)                                

   0)1()0(  yy ,  )(mod P ,   ]1,0[t . 

sadac )(t  akmayofilebs pirobas 


1

0

)(),()()( sdwstAtat                           (27) 

(26) da (27) amocanis amonaxsnis asagebad ganxilulia pirdapiri da 
Sebrunebuli sawyisi amocana 

0)()()( 11  tytty  ,                                 (28) 

                          ,1)0(1 y  0)0(1 y , 

0)()()( 22  tytty  ,                                (29) 

                          1)1(2 y ,  0)1(2 y . 

am sistemis vronskiani  0)1()( 1  ytV   )(mod P , amitom  1y , 2y  sistema 
damoukidebelia. 
 agebulia am amocanisaTvis grinis funqcia 

),( stG













s t          ),0()()(

s t          ),0()()(
1

21

1
21

Vtysy
Vsyty

                   (30) 

damtkicebulia  Semdegi debulebis samarTlianoba 
 
Teorema 2.4.1. Tu  (26) sasazRvro amocanisaTvis Sesrulebulia (27) 

piroba, sadac ])1,0([)( 2Lta  da )]1,0([),( 2
2LstA  , maSin (26) amocanas gaaCnia 

erTaderTi amonaxsni albaTobiT 1, romelic moicema dalecki-skoroxodis 


1

0

)(),,()( sdwstGty  

stoqasturi integralis saxiT, sadac grinis funqcia ),( stG  ganisazRvreba 

(30) formuliT (28) da (29) sawyisi amocanebis saSualebiT  
 Seswavlilia meore sasazRvro amocana Semdegi gantolebisaTvis 

),()()()()( tftwtytaty                    (31)               

0)1()0(  yy ,  )(mod P ,   ]1,0[t , 

sadac ])1,0([)( 1Wtf   da )(ta  determinirebuli uwyveti funqciebia. Teorema 

2.4.1.-is Tanaxmad am amocanis amonaxsni Caiwereba Cveulebrivi stoqasturi 
integralis saxiT  

 
1

0

1

0

)(),()(),()( sdfstGtdwstGty  

(30) amocanasTan erTad, ganvixilavT amocanas: 
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  )()()()( twtxtatx  ,                       (32)                                   

0)1()0(  xx ,   )(mod P ,   ]1,0[t . 

vTqvaT y  da x  Sesabamisad )(ty  da )(tx  SemTxveviTi procesebis 

ganawilebebia.  Ddamtkicebulia Teorema am zomebis erTmanrTis mimarT 
absoluturad uwyvetobis Sesaxeb. 
 

 Teorema 2.4.2. Tu y  da x  zomebi warmoadgenen Sesabamisad (31) da (32) 

amocanebis amonaxsnTa ganawilebebs ])1,0([2L  sivrceSi, sadac )(ta  uwyveti 

funqciaa, xolo )(tf  absoluturad uwyveti funqcia, maSin es zomebi 
eqvivalenturia da radon –nikodimis simkvrives aqvs saxe 





















   

1

0

1

0

21

0

1

0

)(),(
2
1)()()(),(exp)( dtsdfstGtdwsdftustGu

d
d

x

y




 

 
 
 naSromis bolo paragrafSi Seswavlilia pirveli rigis 
diferencialuri gantolebis sawyisi ganawilebis statistikuri Sefaseba 
intervalis bolos arsebul dakvirvebaTa safuZvelze. 

dauSvaT  T.0  intervalze mocemulia pirveli rigis diferencialuri 
gantoleba  

       ))(,()( tytfty   (33) 

ganixileba koSis sawyisi amocana Xy )0( , sadac X  SemTxveviTi 

sididea ucnobi ganawilebis )(xp  simkvriviT. igulisxmeba, rom am amocanas 

gaaCnia erTaderTi amonaxsni )(ty  albaTobiT 1, romelic, cxadia, 
warmoadgens SemTxveviT process.  statistikisTvis SesaZlebelia am 

procesis dakvirveba intervalis bolo T  wertilSi, romelic Seesabameba  
X -is garkveul miuRwevad SerCevas, anu gvaqvs dakvirvebebi 

).(....,),(),( 21 TyTyTy n am dakvirvebaTa safuZvelze unda moxdes )(xp  simkvrivis 

Sefaseba.  

vTqvaT ( F, ) zomadi sivrcea, )(FMC   F -ze gansazRvruli 

namdvilmniSvnelobebiani   -adiciuri simravleTa sivrce normiT 

  )()()(    Var , 

sadac     , hanis gaSlaa. M M  warmoadgens banaxis sivrces da 
am sivrcis elementebs SemdgomSi vuwodebT zomebs.  

ganixileba zomaTa erToblioba Mt  , sadac t  namdvili parametria, 

 Tt0 . igulisxmeba, rom yoveli fiqsirebuli FA - saTvis funqcia 

)(At t  uwyvetia, )(At  funqcia diferencirebadia ),0( Tt  parametris 

mimarT da gaaCnia calmxrivi warmoebulebi 0t  da Tt   wertilebSi, 
maSin zomas 

dt
AdA t

tt
)(

:


   

ewodeba t  zomis warmoebuli t  parametris mimarT.  
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Tu zoma tt   absolluturad uwyvetia t -s mimarT, maSin radon-

nikodimis simkvrives 

)(),( x
d
dxt

t

t




   

ewodeba t -erTobliobis logariTmuli warmoebuli t  parametris mimarT. 

vTqvaT )(FB  SemosazRvruli zomadi funqciebis banaxis sivrcea Tanabari 

normiT. t -s diferencirebadoba eqvivalenturia Semdegi Tanafardobis 

 




 )()()()( xdxxdx
dt
d

tt   

yoveli )(FB -Tvis, xolo t  erTobliobis logariTmuli warmoebulis 

arseboba Semdegi Tanafardobis 

)(,)(),()()()( FBxdxtxxdx
dt
d

tt  


  

samarTliania, Sebrunebuli debuleba  
 

lema: Tu Mt  , ),0( Tt ,  erTobliobas ( F, ) zomad sivrceSi, 

gaaCnia logariTmuli warmoebuli ),( xt , romelic akmayofilebs pirobebs: 

1) ),( xt  uwyvetia t - s mimarT, t   T.Yy. 

2) ),( xt   SemosazRvrulia im azriT, rom arsebobs jj




1
U  

danawileba iseTi, rom ),( xt  SemosazRvrulia yovel   jT ,0 -ze, maSin 

nebismieri ori s  da     Ts 0,  , zomebi eqvivalenturia da  

      




s

dtxt
s ex

d
dxtsp 




 ),(

)(),,(       (34) 

ganixileba  (33) gantoleba 
       Xytytfty  )0()),(,()(   ( 33  ) 

SemTxveviTi X  sawyisi pirobiT, romelsac gaaCnia ucnobi )(xp  simkvrive. 
DdavuSvaT, rom: 

),()( xtff  Tavisi argumentebis mimarT uwyveti funqciaa da gaaCnia 

uwyveti warmoebuli ),( xtf x . 

( 33  ) amocanis amonaxsni arsebobs, erTaderTia da warmoadgens 
SemTxveviT process, romelsac gaaCnia diferencirebadi traeqtoriebi 

albaTobiT 1. DdauSvaT t  aris )(ty  procesis ganawileba t  wertilSi 

cxadia, rom 

  
A

TAdttpA .0,)()(0  

sadac ],0[ T  borelis  algebraa ],0[ T -ze    
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Teorema 2.5.1: Tu 0)( tp  da Sesrulebulia )( f  piroba, maSin t  

erTobliobas gaaCnia logariTmuli warmoebuli. 

dauSvaT ( 33  ) amocanis amonaxsnze dakvirveba xdeba T  wertilSi da 

).(....,),(),( 21 TyTyTy n Sesabamisi SerCevaa. saWiroa Sefasdes X  SemTxveviTi 

sididis )(xp  simkvrive. Gagebulia birTvuli Sefaseba. 

dauSvaT )(xK  aris funqcia, romelsac gaaCnia Tvisebebi: 

)(k  )(xK  uwyveti, SemosazRvruli, integrirebadi, dadebiTi funqciaa 

R  ze da 1)(  dxxK
R

. 

ganixileba )(xp  simkvrivis birTvuli Sefaseba 

     









 


n

j n

j
T h

Tyx
K

nh
xp

1

)(1)(  (35) 

sadac  1nnh  mimdevroba akmayofilebs pirobas: 

)(h   nh  dadebiTi, nolisaken krebadi namdvili ricxvTa mimdevrobaa, 

romlisTvisac nnh . 

Gganixileba koSis determinirebuli amocana 

xyytytfty  )0(),(,()( 0  

da misTvis  mimdevroba ),(xn  romelic Tanabradkrebadia koSis 

anocanis )(ty  
  

Teorema 2.5.2. Tu koSis ( 33  ) amocanisaTvis Sesrulebulia 

)(),( kf da )(h  pirobebi, sadac X  ucnobi dadebiTi )(xp   simkvrivis 
SemTxveviTi funqciaa, maSin misi Zaldebuli Sefaseba moicema formuliT 

))((
))((

)( Tp
x
Txp nT

n 
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T a v i  1 
 

SemTxveviTi zomebis zogierTi Tvisebis kvleva 
   
 

am TavSi mocemulia SemTxveviTi zomebis ganmartebebi, SemoRebulia 
sxvadasxva saxis stoqasturi integralisa da diferencialis cnebebi 
SemTxveviTi zomebis mixedviT.  gamokvleulia maTi zogierTi Tviseba, 
kerZod damtkicebulia kolmogorovis Teoremis analogi, miRebulia 
nawilobiTi integrebis formulebi, romlebic warmoadgenen klasikuri 
stoqasturi Teoriis analogebs SemTxveviTi zomebisaTvis. 
 

 
 
 
 

$ 1.1  ZiriTadi ganmartebebi da zogierTi Tviseba 
 
 

vTqvaT, X _raime simravlea,  am simravlis qvesimravleTa algebra, 

xolo  P,Λ,Ω  albaTuri sivrcea. 

ganvixilavT simravleTa SemTxveviT funqciebs  A,    A, , 

romlebic Rebuloben namdvil mniSvnelobebs. 

rogorc wesi, SemTxveviTi funqcia  A,    A, , savsebiT 

ganisazRvreba sasrulganzomilebian ganawilebaTa erTobliobiT: 

       
 

 )),(,...),(,),((:

,...,

2211

21,..., 21

nn

nAAA

AAAP

m
n






 (1.1.1) 

sadac  iA ,  .,...2,1 ni    ,...2,1n ;  (1.1.1) - Si  i  ni ,...2,1  borelis 

simravleebia R  namdvil ricxvTa sivrceSi. 
ganawilebaTa (1.1.1) erToblioba akmayofilebs SeTanxmebulobis Semdeg 
pirobebs: 

      
 

 nAAA

k
nAAAAAA

n

knnnn

m

Rm






,...,

,,...,

21,...,

21...,,,...,

21

2121
 (1.1.2) 

        nAAASnAAA Smm
nn

 ,...,,..., 21),...,(21,..., 2121
 (1.1.3) 

sadac S  elementTa nebismieri gadanacvlebaa. 

 A,    A,    simravleTa SemTxveviT funqcias ewodeba sasrulad 

adiciuri, Tu igi akmayofilebs pirobas:  
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 n

i
i

n

i
i AA

11
),(,    (T.y) (1.1.4) 

iA ,      .,...2,1 ni         ji AA      )( ji  . 

SemTxveviTi, TiTqmis yvelgan sasruli,  A,  simravleTa funqciis  

k -uri momenti vuwodoT sidides: 

       kkk AAAEAAA  ...,..., 2121   

iA ,      ki ,...2,1  

cxadia, rom   nk AAA ,..., 21  momentebi sasrulad adiciuri funqciebia 

TiToeuli argumentis mimarT da warmoqmnian sasrulad adiciur simravlis 

funqciebs  
n  algebraze, anu 

  
 











l

j

l

j
kiijkkiij

l

j
k AAAAAAAAAA

1 1
1,211,

1
21 ...,...,,...,...,,    

ijr AA ,     kr ,...2,1    lj ,...2,1   ji    21 ijij AA  )( 21 jj  . 

meores mxriv, simravleTa SemTxveviTi funqcia  A,    A, ,  

romelsac gaaCnia TiToeuli argumentis mimarT sasrulad adiciuri meore 
rigis momenti, TviTonaa adiciuri Sesabamisi azriT. 

marTlac, davuSvaT  ji AA  )( ji  , maSin 

   

     

0,,2,

,,2,

2

11
2

11
2

11
2

1,
2

1 1
2

11
2

11

1111

2

11






















































































 













n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

ji
ji

n

j
j

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

AAAAAA

AAAAAAAAE

AAEAAEAAE







 

miRebuli Tanafardobidan gamomdinareobs (1.1.4) tolobis samarTlianoba. 
cxadia, rom Tu simravleTa SemTxveviTi funqciis meore rigis momenti 

 212 , AA    21, AA  TiToeuli argumentis mimarT sasrulad adiciuria, 

maSin igive Tviseba gaaCnia ufro maRali rigis momentebsac (Tu isini 
arseboben). es gamomdinareobs iqidan, rom TviT simravleTa SemTxveviTi 

funqcia   A,    A, , sasrulad adiciuria saSualo kvadratuli 

azriT da amitom misi yvela arsebuli momenti sasrulad adiciuri iqneba. 

 A,    A,  T.y. sasrul, simravleTa SemTxveviT funqcias, 

ewodeba Tvladad  adiciuri, saSualo kvadratuli azriT, Tu igi 
akmayofilebs pirobas: 

0)(lim
2

11
















n

i
i

i
in

AAE    

iA ,        





1i
iA       ji AA      )( ji   
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cxadia,  es eqvivalenturia imisa, rom  iA  ( ,...2,1i ) simravleTa 

mimdevrobisaTvis, romlebic akmayofileben pirobas ......21  iAAA da  







1i
iA , samarTliania toloba 

  0lim 2 
 nn

AE  . 

saSualo kvadratuli azriT Tvladad  adiciuri, T.y. sasruli, 

simravleTa SemTxveviTi  A,    A,   funqciis yvela arsebuli 

momenti, iqneba Tvladad adiciuri simravleTa funqcia TiToeuli 
argumentis mimarT. vaCvenoT es meore rigis momentebis magaliTze. radgan 

                      





























 1
11111

n

n

i
i

n

ii
i

n

i
i

i
i AAAAA   

sadac 





 

1
1

ni
in AA , xolo Tvladad  adiciuri saSualo kvadratuli azriT 

 A,  funqcia sasrulad adiciuricaa, amitom 

       







































  1
1

1
1

1
11

n

n

i
in

n

i
in

n

i
i

i
i AAAAAAA    

aqedan gveqneba@ 

   21,12
1

212
1

212 ,,, AAAAAA n
n

i
i

i
i 
















     

sadac 







 

1
11,1

ni
in AA  

koSi-buniakovskis utolobis gamoyenebiT vaCvenoT, rom 

  0,lim 21,12 



AA n

n
  

marTlac, 

       2
2

1,1
2

21,21,12 )(, AEAEAAEAA nnin  





   


1,1 nA  simravleTa mimdevroba iseTia, rom 

...... ,12,11,1  






 knin AAA ,      








1
,1

k
knA  

amitom 

0)(lim 1.1
2 

 nn
AE   da     0,lim 21,12 




AA n

n
 . 

samarTliani iqneba agreTve, Sebrunebuli debulebac:  T.y. sasruli, 

simravleTa SemTxveviTi  A,    A,  funqcia, romelsac gaaCnia 

Tvladad adiciuri meore rigis momenti TiToeuli argumentis mimarT, 
TviTon iqneba Tvladad adiciuri saSualo kvadratuli azriT da misi 
yvela arsebuli momentic Tvladad adiciuri iqneba TiToeuli argumentis 

mimarT. amave dros, SemTxveviTi  A,    A,  funqciis saSualo 
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kvadratuli azriT Tvladad adiciurobidan ar gamomdinareobs misi 
Tvladad adiciuroba TiTqmis yvelgan  da SesaZlebloba misi gagrZelebisa 

_algebris momcvel romelime _algebraze.  
 

SeniSvna1.1.1: vTqvaT   A,    A,  simravleTa SemTxveviTi 

veqtoruli funqciaa, romelic mniSvnelobebs Rebulobs raime  Y  

hilbertis sivrcidan.  Y, -iT avRniSnoT skalaruli namravli  Y  sivrceSi. 

am SemTxvevaSic  A,  SemTxveviTi funqcia ganisazRvreba  (1.1.1) 

sasrulganzomilebian ganawilebaTa erTobliobiT, sadac i  ni ,...2,1  

borelis simravleebia 
nY  -Si. A  A,  SemTxveviTi funqciis pirveli rigis 

momenti vuwodoT iseT )()(  AYA , romelic akmayofilebs pirobas  

)()),(()),(( YAAE   , 

xolo operators ,:)( 21 YYAA  romelic gansazRvreba formulidan 

))(,(),)(()),()(),(( 212121212211  AAAAAAE   

),(),( 2121  AAY  vuwodoT  A,  SemTxveviTi funqciis meore 

rigis momenti. 

  A,  SemTxveviTi funqcias ewodeba sasrulad an Tvladad 

adiciuri saSualo kvadratuli azriT Tu sasrulad an Tvladad adiciuria 

saSualo kvadratuli azriT yoveli wrfivi funqcionali  A,  

SemTxveviTi funqciisaTvis Y -ze, Sesabamisi azriT. Amave dros, misi 
pirveli da meore rigis momentebi iqnebian sasrulad an Tvladad 
adiciurebi TiToeuli argumentis mimarT da warmoqmnian sasrulad an 

Tvladad adiciur simravleTa funqciebs Sesabamisad  da   
algebraze. 

 samarTliania, agreTve, Sebrunebuli debulebac Tu  A,  

SemTxveviTi funqciis meore rigis momenti )( 21 AA   Tvladad an sasrulad 

adiciuria TiToeuli argumentis mimarT   algebraze, maSin TviT 
)( 21 AA   iqneba sasrulad an Tvladad adiciuri saSualo kvadratuli 

azriT. 
 

 Teorema 1.1.1. Tu   A,    A,  namdvil mniSvnelobebiani, 

sasrulad adiciuri simravleTa funqciaa, maSin  

    

 

   
   

















1 2
121

121
1

1

1
121,...,

121
,...,,

),...,(...

,...,,

k
kk

k
k

i
i

k

i
kikAAAA

k
AAAA

xdxdxdxm

m





 (1.1.5) 

lA ;     sl AA   sl  ;   1,...2,1,  ksl  

damtkiceba: (1.1.1) formulidan da (1.1.2), (1.1.3) SeTanxmebulobis 

pirobebidan gveqneba, rom Tu jk AA    ji  , maSin 
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 njjjkAAAAAA

njjjkAAAAAAA

njjk

njjjk

m

m













,...,,...,...,

,...,,,...,...,

1121...,,...,...,

1121...,,...,...,

1121

1121


 (1.1.6) 

lA , 1,...2,1,  njk  

avRniSnoT  


1




k

li
il AA , lA ;  sl AA     sl   

1,...2,1,,  ksli ;  ,...2,1k  , 
maSin    

     

   

 

 
























k

i
ikAAAA

k

AAAAAA

AAAA
A

xdxdxdxm

xxdxdxmxdxm

xdxmmm

kk

l
k

li
i

1
21...

2121,,11,

11,

,......

)(,,,

,

121

321321

121
1





 (1.1.7) 

                                    

(1.1.6) da (1.1.7) Tanafardobebidan miviRebT 
 

   

  

   























1 2

121

121121

121

1

1

1
121,...,

121
1

21...,,,...,

121
,...,,

),...,(...

)...,...(...

,...,,

k

kk

kk

k

k

i
i

k

i
kikAAAA

k

k

i
iAAAAAA

k

k
AAAA

xdxdxdxm

xdxdxm

m







 

Teorema damtkicebulia. 
 

Sedegi 1.1.1. Tu  RRf k 1:  namdvili cvladis funqciaa da arsebobs 

)...,(),...,,(... 1
,...,

21

1 1
1

k
AAA

k

k

dxdxdymxxxyf k

i
ki



    

   sl AA     sl  ;    ;,...2,1, ksl       ,...2,1k  

maSin 

   

 kAAA

k

i
ki

k

k
AAA

k

k

dxdxdxmxxxxf

dxdxdymxxxyf

k

k

i
ki

......,),(...

...,,...,,...

21...
1

21

1
,...,

21

1

21

1
1


















  

  



 



 

 

kerZod, Tu    





  



k

i
ik xyFxxxyf

1
21 ...,, , maSin 
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     )0(,...,... 1
...,1

1
1

FdxdxdymxyF k
AAA

k

i
i

k

k

i
ki







 



  
 

 (1.1.8) 

marTlac,  (1.1.5) formulidan gveqneba 

)...()...,,(...

)...,(),...,,(...

)...,(),...,,(...

21...21
1

1
,...,

21

1

1
,...,

21

1

21

1
1

1
1

dxdxdxmxxxxf

dxdxdymxxxyf

dxdxdymxxxyf

k

k

i
ki

k

i
ki

AAAn

k

i
i

k

k
AAA

k

k

k
AAA

k

k

  

  

  



























 

aqedan, cxadia gamomdinareobs (1.1.8) formulis samarTlianoba. 
 

Sedegi 1.1.2. Tu  A,    A,    simravleTa SemTxveviTi 

funqcia sasrulad adiciuria, maSin 

 

   
   











1 2
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1
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,...,,

1
21,...,
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,...,,

k
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k
i

i

k

i
ikAAAA

k
AAAA

xdxdxdxm

m


 

iA ;   ji AA   )( ji  ;  ,...2,1, ji ;  





1i
iA ;  






ni
in AA   

damtkiceba:  

   

   
   














1 2
121

21
1

121
1

),...,(...

,,...,,,...,,

1
21,...,

21
,...,,

21
,...,,

k
kk

k

k

i
kik

i
i

k

i
ikAAAA

k
AAAAA

k
AAAA

xdxdxdxm

Rmm
 

 

 

  Sedegi 1.1.3. Tu arsebobs integrali  

)...,(),...,,(... ,1
,...,

21

1 1
1

k
AAA

k

k

dxdxdymxxxyf
i

ki




   , 

sadac  

RRf k 1: ; lA ;  sl AA    sl  ;  ...2,1, sl ; 





1i
iA , 

maSin 

)...()...,,(...

)...,(),...,,(...

121

1

1 ...,
21

1

,1
,...,

21

1

____

121

1
1
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k
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k
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dxdxdxdxmxxxxf

dxdxdymxxxyf
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i
ki
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damtkiceba:  marTlac Sedegi 1.1.1. da Sedegi 1.1.2.-dan miviRebT 
 

)...,()...,,(...

),...,()...,,(...

)...,(),...,,(...

11

1

1
,...,21

1

11
,,...,

21

2

,1
,...,

21

1

121

11
1

1
1














  

  

  



















kk

k

i
AAAAki

k

kk
AAAA

k

k

k
AAA

k

k

dxdxdxdymxxxxf

dxdxdxdymxxxyf

dxdxdymxxxyf

kk

kk
i

i

i
ki











 

kerZod, Tu     





  



k

i
ik xyFxxxyf

1
21 ...,, , maSin vRebulobT 

 

  
















)()(),...,()(...

)...,()(...

1121

21
1

21,...,

1

21
...,,1

1

dzmzFdzdxdxdxmzF

dxdxdxdymxyF

kkk

k
i

i

AkAAAA

k

k
AAAA

k

i
i

k



 
 

vTqvaT,    aris X  sivrcis qvesimravleTa algebra. 
ganvixiloT zomaTa erToblioba 

)...( 21...21 nAAA n
m   (1.1.9) 

iA  ;  Bi  ;  ,....2,1i  

sadac B  borelis algebraa R -idan. 
 

Teorema 1.1.2. Tu (1.1.9) zomaTa erToblioba akmayofilebs (1.1.2), (1.1..3)  

da (1.1.5) pirobebs, maSin arsebobs simravleTa SemTxveviTi funqcia ),( A , 

romelic TiTqmis yvelgan sasrulad adiciuria da romlis 
sasrulganzomilebian ganawilebebs  aqvT (1.1.1) saxe. Tu garda amisa 
Sesrulebulia piroba:  

  0)(2 dzmz
nA  (1.1.10) 

roca nA  , maSin ),( A  saSualo kvadratuli azriT  -adiciuria. 

damtkiceba: simravleTa SemTxveviTi  ),( A  funqciis arseboba, 

romlis sasrulganzomilebiani ganawilebebic emTxveva (1.1.1.) erTobliobas, 
gamomdinareobs kolmogorovis zogadi Teoremidan (ix.[22]). vaCvenoT, rom 

),( A  TiTqmis yvelgan sasrulad adiciuria. 

ganvixiloT 
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)...,(...

)()(

1
...,

2

1

2

11

1
1

n
AAA

n

i
i

n

n

i
i

n

i
i

dxdxdymxy

AAE

n

i
ni










 





 

  









 (1.1.11) 

iA ;    ji AA   )( ji  ;  ;...2,1, nji   

radgan (1.1.2),  (1.1.3) da (1.1.5) pirobebSi samarTliania (1.1.8) formula, amitom 
Tu gaviTvaliswinebT, rom 

2

11






 






  



n

i
i

n

i
i xyxyF   

(1.1.11)-dan miviRebT 

0)()(
2

11





 


n

i
i

n

i
i AAE    

anu   

 









 n

i
i

n

i
i AA

11
     (T.y). 

),( A   SemTxveviTi funqciis TvladaT adiciurobis damtkicebisaTvis (Tu 

gaviTvaliswinebT, rom Teoremis pirobebSi samarTliania Sedegi 1.1..3.), 
ganvixiloT zRvari  

0)(lim

)...,(...lim

)()(lim

2

1
...,

2

1
1

2

11

1
1








 





 



  
























dzmz

dxdxdymxy

AAE

ni
i

i
ni

An

n
AAA

n

i
i

n

n

n

i
i

i
in





 

    

Teorema damtkicebulia  
 

magaliTi 1.1.1. vTqvaT ),( X  zomadi sivrcea, xolo  ),,( P  

albaTuri sivrce. ganvixiloT SemTxveviTi funqcia ),(),( 1  XLx  , 

,,  Xx   da   -zoma  ),( X -ze. funqcia 

        ,)(, Adxx
A
   (1.1.12) 

sadac  ,A   warmoadgens simravleTa SemTxveviT funqcias. 

vTqvaT,  ),(  A    A   simravleTa SemTxveviTi funqciaa. davsvaT 

kiTxva: SeiZleba Tu ara misi warmodgena (1.1.12) saxiT? Tu 0),(  A ,  -

adiciuri sasruli funqciaa, maSin igi absoluturad uwyvetia 

  ,)( AEA   zomis mimarT, amitom radon-nikodimis cnobili Teoremis 
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Tanaxmad arsebobs SemTxveviTi funqcia   ,x    ,Xx , romelic 

akmayofilebs pirobas 

        
A

dxxA )(),(,      (T.y) (1.1.13) 

funqcia   ,x  erTaderTia  -zomis sizustiT. 

aseve, Tu ),(  A   -adiciuri sasruli funqciaa, romelsac gaaCnia 

SemosazRvruli variacia, maSin igi absoluturad uwyvetia 

  ,),( AVarA   zomis mimarT. SemoviRoT aRniSvna 

                              ),()(  AEA  . 

),(  A  absoluturad uwyvetia )(A  zomis mimarT, amitom arsebobs 

funqcia   ,x , romlisaTvisac aseve samarTliani iqneba (1.1.13) warmodgena. 

 

 magaliTi 1.1.2. dauSvaT )(tx  SemTxveviTi skalaruli funqciaa raime 

 TX ,0  (igulisxmeba is SemTxvevac roca T ) intervalze, da  aris 

XA  ),[ 21   naxevaradRia intervalebiT warmoqmnili  algebra. 

vigulisxmoT, rom 

)()()),([)( 2121  xxA                      (1.1.14) 

davamyaroT kavSiri )(A  simravleTa SemTxveviTi funqciis da )(tx  

SemTxveviTi funqciis korelaciur funqciebs Soris. vTqvaT ),[ 211 A , 

),[ 432 A  

)()()()()()()()(
)]()([)]()([)()(

31413242

341221




xExxExxExxEx
xxExxEAAE




          (1.1.15) 

SemoviRoT aRniSvnebi  )(A  da )(tx  SemTxveviTi funqciebis korelaciuri 

momentebisaTvis: 

E ),()()(  tRxtEx  ,  )()()( 2121 AAAAE   ;  

  21 ,;, AAXt   

maSin (1.1.15) formula miiRebs saxes 

),(),(),(),()( 3141324221  RRRRAA   

dauSvaT )(tx  )( Xt  vineris )(tw  procesia,  romlisTvisac 

),min(),(  ttR  , am SemTxvevaSi korelaciuri momenti 

)(),min(
),min(),min(),min()(

2133

41324221

AAmes
AA







 

 cnobilia, rom vineris procesis realizaciebs ar gaaCniaT 

SemosazRvruli variacia, maSin, roca korelaciur )( 21 AA   funqcias, 

romelic (1.1.14) formuliT gansazRvruli )(A  simravleTa adiciuri 

funqciisaTvisaa agebuli, gaaCnia SemosazRvruli variacia (  ) 
algebraze 

 magaliTi 1.1.3. dauSvaT )(tx  ( ],0[ Tt ) saSualo kvadratuli azriT 

diferencirebadi SemTxveviTi procesia ],0[ T  intervalze. 
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t
txttxtx mil 

 


)()()( ...  

maSin 






























dtd
t

tRdtdxtxEdxdxE

xxExxEAA

   





2

1

4

3

2

1

4

3

4

3

2

1

),()()()()(

)]()([)]()([)(
2

341221

 

 

magaliTi 1.1.4. dauSvaT )(tx  ( ],0[ Tt ) warmoadgens ori 

damoukidebeli SemTxveviTi sididis jams 

)()()( ttwtx   

sadac )(tw  vineris procesia, xolo )(t  saSualo kvadratuli azriT 

diferencirebadi SemTxveviTi procesi. vipovoT am procesisaTvis agebuli 

)(A  simravleTa SemTxveviTi funqciis korelaciuri funqcia  























dtd
t

tRAAmesdttwwE

dttwwEAAAAE

 










2

1

4

3

4

3

2

1

),()(])()()([

])()()([)()()(

2

2134

122121



 

sadac )()(),(  tEtR   
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$1.2. SemTxveviTi zomis maxasiaTebeli  

funqciis Sesaxeb 
 
 

vuwodoT  simravleTa SemTxveviTi  ),( A  funqciis maxasiaTebeli 

funqcia, funqciaTa Semdeg erTobliobas  




n

k
kk

n

Ati

nAAA Eettt 1
21

)(

21..., )...,(


 (1.2.1) 

,Rtk     ,kA    ,,...2,1 nk    ,...2,1n ; 

vaCvenoT, rom  )...,( 21..., 21 nAAA ttt
n

   dadebiTad gansazRvrulia im 

azriT, rom nebismieri kompleqsuri lc  ricxvebisaTvis, da Rtki  , 

mjl ,...2,1,       ,...;2,1m   nk ,...2,1  wertilebisaTvis samarTliania 

utoloba 

0),...,(
1,

2211..., 21




m

jl
njnljljlAAAjl ttttttcc

n
 

marTlac   

2
)(

1

)()(

1,

1,
2211...,

11

21
),...,(































n

k
kkl

n

k
kkjkl

n

Atim

l
l

Attin

jl
jl

m

jl
njnljljlAAAjl

EecEecc

ttttttcc


 

(1.2.1) erToblioba akmayofilebs SeTanxmebulobis pirobebs: 

)...,()0...0,...,( 21...,21...,..., 21121 nAAAnAAAAA tttttt
nknnn




 
(1.2.2) 

)...,()...,( 21...,21)...,( 2121 nAAAnAAAS ttttttS
nn

  (1.2.3) 

 iA ;  ;,...2,1 kni    xolo S  aris elementTa nebismieri gadanacvleba. 

Tu ),( A  simravleTa sasrulad adiciuri SemTxveviTi funqciaa, maSin 

)...,()...,,( 21...,21
...,, 21

21
1

nAAAn
AAAA

tttttttttt
n

n
n

i
i





 
(1.2.4) 

      Rtk  ;  iA ;   ji AA   )( ji  ;  ;...2,1,, njik   ,...2,1n  

 
SeniSvna: 1.2.1: iseve rogorc pirvel paragrafSi, (SeniSvna1.1.1)  

SegviZlia ganvmartoT maxasiaTebeli funqcia, roca  A,    A,  
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simravleTa SemTxveviTi veqtoruli funqciaa, romelic mniSvnelobebs 

Rebulobs raime  Y  hilbertis sivrcidan. 



n

k
kk

n

Ai

nAAA Ee 1

21

),((

21..., )...,(


  

,Yk     ,kA    ,,...2,1 nk    ,...2,1n ; 

analogiurad SeiZleba vaCvenoT, rom es funqciac dadebiTad 
gansazrvrulia Sesabamisi azriT 

 
Teorema 1.2.1. Tu funqciaTa erToblioba  

)...,( 21..., 21 nAAA ttt
n

  
(1.2.5) 

         ,Rtk     ,kA    ,,...2,1 nk    ,...2,1n ; 

dadebiTad gansazRvrulia da akmayofilebs  (1.2.2), (1.2.3) pirobebs, maSin 

arsebobs simravleTa SemTxveviTi funqcia ),( A   )( A , romelic 

akmayofilebs (1.2.1) tolobas. Tu, garda am pirobebisa, Sesrulebulia (1.2.4) 

maSin ),( A  simravleTa sasrulad adiciuri SemTxveviTi funqciaa. 

 
damtkiceba: radgan (1.2.5) erToblioba dadebiTad gansazRvrulia, 

amitom boxneris Teoremis Tanaxmad (ix.[22] gv. 45), igi gansazRvravs zomebs: 

)...( 21...21 nAAA n
m   (1.2.6) 

iA  ;  Bi  ;  ,....2,1i  

(1.2.2) da (1.2.3)  pirobebidan gamomdinareobs (1.1.2) da (1.1.3) SeTanxmebulobis 

pirobebi (1.2.7) zomebisaTvis, es ki imas niSnavs, rom arsebobs ),( A  

simravleTa SemTxveviTi funqcia, romlis sasrulganzomilebian 
ganawilebas warmoadgens (1.2.6) erToblioba, xolo am zomis maxasiaTebeli 
funqcia iqneba (1.2.5) funqciaTa erToblioba, romlebic akmayofileben (1.2.1) 
pirobebs. 

vaCvenoT, rom Tu Sesrulebulia (1.2.4) pirobebi, maSin ),( A  T.y. 

simravleTa sasrulad adiciuri SemTxveviTi funqciaa.  
marTlac, 

1)0...0,0()...,,( ...,
...,,

)()()()(

21
21

1

1111



























n
n

n

i
i

n

k
k

n

k
k

n

i
k

n

k
k

AAA
AAAA

AitAitAAit

tttt
EeEe



 

 

aqedan gamomdinareobs, rom TiTqmis yvelgan 





n

k
k

n

k
k AA

11
)()(   .   

Teorema damtkicebulia.  
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$1.3. integrali SemTxveviTi zomiT 
 
 

vTqvaT, ),(  A   A  sasrulad adiciuri simravleTa SemTxveviTi 

funqciaa, romelic Rebulobs kompleqsur mniSvnelobebs. ganvixiloT 

martiv kompleqsur mniSvnelobebiani )(x  )( Xx  funqciaTa 0H  simravle. 

aq )(x  Semdegnairad ganisazRvreba: 

)()(
1

xIx
kA

n

k
k


   

       kA ,  Ck  ,  XA
n

k
k 




1
, ji AA    ji  , nk ,...2,1  

CavTvaloT rom, arseboben ),(  A  simravleTa SemTxveviTi funqciis 

pirveli da meore rigis momentebi:  

  0AE    da        jiji AAAAE   . 

radgan ),(  A  simravleTa sasrulad adiciuri SemTxveviTi funqciaa, 

amitom  ji AA   funqciac sasrulad adiciuri iqneba da amasTan, 

dadebiTad gansazRvruli. marTlac, nebismieri Ck   nk ,...2,1 , 

ricxvebisaTvis 

        0
2

11,1,
 


i

n

i
ijij

n

ji
iji

n

ji
ji AEAAEAA   

0H   simravleze SemoviRoT skalaruli namravli Semdegi tolobis 

saSualebiT 

         dydxyxAA
X X

ji

mn

ji
ji   




,

1,
,  (1.3.1) 

       XAA
n

k
k

m

j
j 




11
;  li AA  ,   sj AA ,   sjli  ,  

    ji AA , ,   ;,...2,1, nli    ;,...2,1, msj   ,...;2,1, mn  0, H  

gavasruloT  0H  sivrce (1.20) skalaruli namravlis mixedviT 

fundamentaluri mimdevrobebis zRvrebis saSualebiT da movaxdinoT 
faqtorizacia. mivakuTvnoT erTsa da imave klass  yvela is  ,  funqciebi, 

romelTaTvisac  0
0
 H . avRniSnoT gasrulebis da faqtorizaciis 

Sedegad miRebuli sivrce H -iT. 
gasrulebuli sivrcis elementebi SeiZleba arc ki warmoadgendnen 

funqciebs X -ze Cveulebrivi azriT, magram Tu  simravleTa funqcia  

 ji AA   akmayofilebs pirobas 

     jijiji AAAAAA     (1.3.2) 
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sadac  A  - warmoadgens zomas  -ze, xolo  ji AA   sasrulad 

adiciuri dadebiTad gansazRvruli simravleTa funqciaa   algebraze, 
maSin gasrulebuli sivrcis elementebi warmoadgenen   zomiT krebad 

funqciebs X -ze. 
marTlac, (1.3.1) pirobis gaTvaliswinebiT vrwmundebiT rom 

samarTliania utoloba 

   dxx
X


22

  

aqedan cxadia, rom nebismieri mimdevroba H  sivrcidan, romelic krebadia  

(1.3.1)  skalaruli namravlis azriT, krebadi iqneba  ,2 XL  sivrceSic, am 

sivrcis romeliRac funqciisaken.   

 vTqvaT,  ),(  A    ,A  sasrulad adiciuri simravleTa 

SemTxveviTi funqciaa da ,)( 0Hx   





n

k
Ak xIx

k
1

)()(   

Ck  ,  XA
n

k
k 




1
, ji AA    ji  , nk ,...2,1  

vuwodoT  0)( Hx   funqciidan integrali )(A  SemTxveviTi zomiT, 

Semdeg jams 

 ,)()()(
1

 
X

n

k
kk Adxx  

aseTi SemTxveviTi sidideebisaTvis 
 

 

     
0

,)()()(,()()(

)()()()(,,,

H
X XX X

X X

dydxyxdydxEyx

dyydxxEE





  

 













 

vTqvaT H  gasrulebuli da faqtorizirebuli sivrcea (1.3.1) skalaruli 

namravliT da Hx )( , maSin arsebobs mimdevroba 0)( Hxk   iseTi, rom 

0 Hk , 

radgan   0,, 2
  mkHmk E , amitom arsebobs SemTxveviTi 

sidide   iseTi, rom 

0, 2
kE  (1.3.3) 

miviRebT 

 
X

def

dxx  )(,  (1.3.4) 
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vaCvenoT (1.3.4) gansazRvris koreqtuloba.vTqvaT, ,, 0Hkk   0 Hk , 

0
Hk , ,.lim1  kk 

  ,.lim2  kk 
 sadac krebadobas 

vgulisxmobT (1.3.3) azriT, maSin 

  0,,2

),,,,

,,(2

222

2

2

1

22

2

2

2

1

2

21













kkkk

kk

kk

EE

EE

EEE

 

aqedan gamodis, rom TiTqmis yvelgan   21   . 
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$1.4. simravleTa SemTxveviTi funqciebis 
diferencirebadoba 

 
 

  simravleTa sasrulad adiciur ),(  A  ),(  A   SemTxveviT 

funqcias vuwodoT diferencirebadi  Xhh   mimarTulebiT, Tu arsebobs 

SemTxveviTi  funqcia ),(  Ah  ),(  A  iseTi, rom 

            0)()()(lim
2

0





A
s

AshAE hs


    )( Rs  (1.4.1) 

SemoviRoT aRniSvna    )()( 2121 AAEAA      ),( 21 AA . Tu 

 21 AA   diferencirebadia TiToeuli argumentis mimarT          h  

mimarTulebiT da arsebobs Sereuli   warmoebuli )( 21
21 AADD hh  , maSin 

SemTxveviTi  funqcia ),(  A , diferencirebadia  h  mimarTulebiT. 

 marTlac, ganvixiloT funqcia 

 
s

AshAs )()(  
  (1.4.2) 

am funqciisaTvis gveqneba 

     

   )()((lim2)()((lim2)))()((

))()(())()(()()((limlim

0,0,

0,

2

0,









sEssEE

sEsEssEsE

ss

ss








 

amasTan  

   

       

)()())((lim

)())((1lim

))(()()((1lim

)()()()(lim

)()()(lim))()((lim

21
22

0

0,

0,

0,

0,0,

AADD
s

AADAshAD

AAhAAE
s

AshAhAshAE
s

s
AAhAAAshAhAshA

s
AhAAshAEsE

hh
hh

s

s

s

s

ss












 









 














































 
(1.4.3) 

    analogiurad vaCvenebT, rom 

)())()((lim 21

0,
AADDssE hhs







 (1.4.4) 

 (1.4.2), (1.4.3) da (1.4.4) Tanafardobebidan vRebulobT 
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    0lim 2

0,






sE

s
 

aqedan gamomdinareobs rom, arsebobs iseTi funqcia )(Ah , romelic 

akmayofilebs (1.4.1) tolobas. 

Tu  21 AA   diferencirebadia TiToeuli argumentis mimarT da 

arseboben  Sereuli   warmoebulebi h  mimarTulebiT, maSin 
 

)())()((lim 21

0,
AADDssE hhs







 (1.4.5) 

   )()( 2121
1 AAEAAD hh    (1.4.6) 

   )()( 2121
2 AAEAAD hh    

(1.4.7) 

 )()()( 2121
21 AAEAADD hhhh    (1.4.8) 

marTlac: 

         

 

 

   )()()()(lim

)()()()(
lim

)())((
lim

212
11

0

2111

0

2121

021
1

AAEA
s

AshAE

s
AAAshAE

s
AAAshA

AAD

hs

s

sh















 




















 

 analogiurad damtkicdeba  (1.4.7)  da (1.48).  
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$1.5. nawilobiTi integrebis formula 

 SemTxveviTi zomebisaTvis 
 

vTqvaT ),( A  A , namdvili, skalaruli, sasrulad adiciuri 

simravleTa funqciaa, amasTan 

0)( AE ,   )()()( 2121 AAAAE    

21,, AAA , xolo )( 21 AA   Tvladad adiciuri da simetriuli zomaa. 

 

Teorema 1.5.1.  Tu  21 AA   ),( 21 AA  diferencirebadia 

TiToeuli argumentis mimarT da arseboben  Sereuli   warmoebulebi h  

mimarTulebiT, maSin nebismieri )(x  funqciisaTvis, romelic 

SemosazRvrulia Tavis warmoebulTan erTad, samarTliania nawilobiTi 
integrebis formula 

 

)()()()( dxxdxx
X

h
X

h     (1.5.1) 

   
damtkiceba: CavataroT gamoTvlebi   
 

2

2

2

2

)()())()(

)()()())()(

)()()()()()((1

)()())()()((















 























































 

 

 

dxx
s

xshxE

dxxdx
s

xshxE

dxxdxxshdxx
s

E

dxx
s

dxshdxxE

X
h

X X
h

X X
h

X

X X
h









 (1.5.2) 

 
meores mxriv 
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)()()(

)())(()()(2))(

))((2))()(()()(

)()()())()(

)()(()()(2))()(

)()(2)()(()()(

)()())()()((

21

22

2

21

2

2

dydxDDyx

dydxDdyshdxD
s

yxdydx

dyshdxshdyshdx
s

yx

dydxDDyxdydx

dyshdx
s

yxEdydx

dyshdxshdyshdx
s

yxE

dxx
s

dxshdxxE

hh
XX

hh
XX

XX

hh
XX

h

h
XX

XX

X X
h

















 















 















 

(1.5.3) 

Tu (1.5.2) da (1.5.3) tolobebSi gadavalT zRvarze miviRebT:  

0)()())()()((lim
2

0












  X X

hs
dxx

s
dxshdxxE 

, 

0)()())()()((lim
2

0












  X X

hs
dxx

s
dxshdxxE 

, 

saidanac gamomdinareobs (1.5.1). 
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$1.6. zomaTa hilbertis sivrce 

 
 

 algebraze ganvixloT simravleTa skalaruli funqcia )( A , 

romelic ganisazRvreba formuliT:  

 
XXX

AA AdxxdydxyIxIA )()()()()(,)(   

sadac H , xolo AI  warmoadgens A  simravlis indikators. 

gansazRvris Tanaxmad, simravleTa funqcia - )( A , sasrulad adiciuria. 

avRniSnoT L -iT yvela )( A     AH ,  funqciaTa simravle. es 

simravle wrfivia, radgan  

)()(,,,)( AAIIIA AAA     

 HRH   ,;,;, ''''' 

L  simravleze SemoviRoT hilbertis sivrcis struqtura. kerZod 

skalaruli namravli   ,  ase ganvsazRvroT 

)()()(,),( dydxyx
XX

         H,  

amgvarad, nebismier H  elements Seesabameeba garkveuli L  

elementi. vaCvenoT, rom am Sesabamisobisas L  sivrcis nulovan elements 

Seesabameba H  sivrcis mxolod nulovani elementi. davuSvaT  

0)()()(  
X

AdxxA           AH , , 

maSin, nebismieri martivi H  funqciisTvis gveqneba 

0,)()()()()(     dydxyxdxx
XXX

 

 aqedan gamomdinareobs, rom 0 . 

amgvarad operatori, romelic  -s asaxavs  -Si Seqcevadia. CvenTvis 

mosaxerxebeli iqneba, Tu am operators avRniSnavT 
1S  simboloTi, 

 1S , 

xolo mis Sebrunebul operators, romelic L -s H -Si asaxavs,   S -iT. 

 S  

es operatorebi unitarulni arian, radgan 

  ,),(
def
  

cxadia, rom yoveli L  elementi warmoadgens  H -ze gansazRvrul 

wrfiv funqcionals 


X

dxx )()(),(    
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avirCioT H  sivrceSi orTonormirebuli bazisi  k  ),...2,1( k , 

kjjk  , , maSin L  sivrceSi mas Seesabameba  
k

   elementTa  

erToblioba, amasTan   

  jkjk
    

radgan yoveli  H  elementi warmodgeba furies mwkrivis saxiT  







1k
kkc  , sadac  kkc  , , amitom yoveli L  elementic 

warmodgeba Semdegi saxiT: 















 
11

1

1

11

k
k

k
kk

k
kk k

cSccSS    

cxadia, rom  

),(),(),(
kk kkc     

roca simravleTa funqcia )( 21 AA   ),( 21 AA  sasruli variaciisaa, 

maSin advili saCvenebelia, rom igive Tviseba eqneba )( A  )( H  

funqciasac. 

marTlac, imis gamo, rom )( A  funqcia sasrulad  adiciuria, 

amitom misi sasruli variaciulobisaTvis sakmarisia vaCvenoT, rom igi 
uwyvetia zemodan nulSi.  

radgan AIA ,)(   , amitom 

)()( 2222
AAIA A    

aqedan ki gamomdinareobs )( A  funqciis uwyvetoba nulSi. 

vTqvaT, Q  )( IQ   Caketili  dadebiTad gansazRvruli wrfivi operatoria 

H  hilbertis sivrceSi, romlis Sebrunebuli  
1Q  hilbert-Smidtis 

operatoria, xolo  k  ),...2,1( k  Q  aris operatoris sakuTriv 

veqtorTa sruli sistemaa 

kkkQ    

maSin 




1
2

1
k k

 

Cveulebrivi wesiT avagoT hilbert-Smidtis struqtura 

  HHH  

sadac H  warmoadgens Q  operatoris gansazRvris ares normiT 

 Q


     )( H  (1.6.1) 

xolo H  warmoadgens H  sivrcis gasrulebas normiT  

 1


 Q       )( H  (1.6.2) 
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amasTan, SesaZlebelia Q  operatoris Caketva Q , romelic moqmedebs H -dan 

H -Si, xolo Sebrunebuli operatori 1Q asaxavs H -s H -Si da 

warmoadgens 
1Q -is gafarToebas, amasTanave (1.6.2) formula vrceldeba H -

is yovel elementze 

 1

 Q        )( H  

(1.6.1) da (1.6.2) formulebidan gamodis, rom Q  da 1Q  unitaruli 
operatorebia. 

H  da H  sivrceebs Soris arsebobs binaluri mimarTeba: 

 1,),(  QQ          ),(   HH   

SevniSnoT, rom  ),(   forma warmoadgens skalaruli namravlis 

gafarToebas  H -Si,  HH  -dan    HH -ze. 

axla avagoT hilbertis struqtura    LLL  ise, rom  

komutaciuri iyos Semdegi diagrama 

  HHH QQ
 

                            1S           1S                               

  LLL qq
 

diagramis marcxena mxaridan gamodis, rom operatori q  unda ganisazRvros 

Semdegi formuliT 

QSqS 11   , 

xolo L  sivrce formulidan  




  HSL 1
 

amgvarad, L  sivrce Sedgeba iseTi L  elementebisagan romelTaTvisac  

H   da 

     
X

dxAA )()(        )( A , 

xolo, Tu   -s gavSliT bazisis mimarT gveqneba 







1k

k k
c   ,    ),(

kkc         .,...2,1k  (1.6.3) 

sadac 






2

1k
kkc   

k -zomebi warmoadgenen q  operatoris sakuTriv elementebs 

kk kkkkk SQSqSq     111
     ,...2,1k  

q  operatori calsaxad gansazRvravs L  sivrces. Tu gamoviyenebT 

bazisis mimarT gaSlas, misi elementebi Semdegnairad Caiwereba 
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1k
k k

c       ),(
kkc           ,...2,1k  (1.6.4) 

sadac  






2

1k k

kc


 

L   warmoadgens ganzogadebul zomas da igi aris wrfivi uwyveti 

funqcionali H -ze, romelic ganisazRvreba formuliT: 

  





X k

k

def

k
cdxx

1
),()(),(    

sadac, marjvniv  mdgomi mwkrivi krebadia  (1.6.3)  da  (1.6.4)-is ZaliT. amave 

dros, yoveli L  warmoadgens wrfiv uwyvet funqcionals H -ze.  
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$1.7. SemTxveviTi zomis realizaciis sivrce 
 
 
 

vTqvaT ),( A  A , namdvili, skalaruli, sasrulad adiciuri 

simravleTa funqciaa, amasTan 

0)( AE ,   )()()( 2121 AAAAE    

21,, AAA , xolo )( 21 AA   Tvladad adiciuri da simetriuli zomaa. 

gavSaloT   SemTxveviTi elementi L  sivrcis  
1kk

  bazisis mimarT 







1k
k k

c   

aq kc  ,..)2,1( k  koeficientebi akmayofileben pirobebs 

kjjkkk cEcEcc
k

   ,0),,(  

marTlac, 

0)()()()(),(  
X

k
X

kk dxExdxxEEEc
k

   

     

  kjjk

j
XX

kjk

jk

jk
dydxyxEcEc











 

,,

),)(,(
 

L   sivrceSi SemoviRoT   cilindruli funqciebi  

   )()...,(),(:)( 21,..., 21 nAAA AAAC
n

  

sadac    ,L  - borelis simravlea 
nR -Si. 

L  sivrcis cilindrul simravleebze SemoviRoT zoma 

     ),()...,,(),,(:)( 21,..., 21 nAAA AAAPCm
n

  

am zomis korelaciuri  operatoris SezRudva L  sivrceze warmoadgens 

igivur operators, radgan  

)(,

))((),)(,(

21

2121
2121

2221

21
,

,,,
21

















k
kk

jk
jkjk

jk
jjkk

jkkk

cEc

ccEE
jk

  

sadac   
k

kk H1 ,     
k

kk H 2 . 

radgan, L  warmoadgens L  sivrcis hilbert-Smidtis gafarTovebas, amitom 

kolmogorovis TeoremiT   zoma, romelic warmoadgens m  albaTuri zomis 

 -adiciur gagrZelebas, Tavmoyrilia L -sivrceSi. SevniSnoT agreTve rom 



























 

k k
k

k kk k

k EccEE 2
2

2

2
11


 . 
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 ganvixiloT wrfivi uwyveti funqcionali  L  sivrceze, romelic 

ganisazRvreba H  elementiT 


X

dxxl )()()(   

radgan ),( A  SemTxveviTi funqciis TiTqmis yvela realizacia L  

sivrceSia, Cven SegviZlia  )(l  ganvixiloT rogorc SemTxveviTi sidide, 

cxadia,  0)( El  vipovoT meore momenti 

H
XX

XX

ddtt

dxxdxxElE













)()()(

)()()()()( 2

                (1.7.1) 

amrigad wrfivi funqcionalis meore rigis momenti gamoisaxeba   funqciis 

normiT H -Si da ara H  sivrceSi. es saSualebas gvaZlevs gavavrcoT es 

funqcionali H sivrceze. 

 AvTqvaT  H . ganvixiloT misken krebadi Hn  mimdevroba, maSin 


X

nn dxxl )()()(   

(1.7.1) formulidan gamodis, rom es mimdevroba fundamentaluria saSualo 
kvadratuli azriT, radgan 

22)()(
Hnn llE    

aqedan gamomdinare, ganisazRvreba SemTxveviTi sidide )(...)(  nn
lmill


 , 

advili saCvenebelia, rom igi araa damokidebuli aproqsimirebadi 
mimdevrobis SerCevaze. es funqcionali, romelsac Cven isev avRniSnavT 

rogorc  
X

dxxl )()()(  , gansazRvrulia TiTqmis yvelgan L  sivrceze 

da wrfivia im azriT, rom 

)()()( 22112211  lll       (T. y.)  (
1

21 , R ) 

 amgvarad, miviReT, rom samarTliania Semdegi 
 

 Teorema: 1.7.1 simravleTa SemTxveviTi adiciuri  funqcia ),( A , 

romelsac gaaCnia meore rigis  -adiciuri korelaciuri zoma )( 21 AA  , 

realizdeba rogorc SemTxveviTi wrfivi funqcionali ),(   H  sivrceze, 

uwyvetia saSualo kvadratuli azriT da miekuTvneba L  sivrces TiTqmis 

yvelgan ( )mod(P ) 
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Tavi  2 
 

SemTxveviTi zomebis zogierTi gamoyeneba 
 

am nawilSi mogvyavs SemTxveviTi zomebis zogierTi, gamoyenebiTi 
xasiaTis Sedegi. kerZod, miRebulia iakobis Teorema SemTxveviTi zomis 
arawrfivi gardaqmnisaTvis da gamoTvlilia radon nikodimis simkvrivis 
formula. amasTan simkvrivis formulaSi figurirebs gafarToebuli 
stoqasturi integrali. moyvanilia miRebuli Sedegebis gamoyeneba 
Termodinamikis klasikuri gantolebis amonaxsnis saSualos SefasebisaTvis. 
Seswavlilia absoluturad uwyvetobis sakiTxi erTi zogadi xasiaTis 
sasazRvro amocanisaTvis SemTxveviTi "xmauriT". Tavis bolo nawili exeba 
diferencialuri gantolebebis sawyisi ganawilebis statistikur Sefasebas, 
intervalis bolos arsebul dakvirvebaTa safuZvelze. 

  
 
 
 
 
 

$2.1 SemTxveviTi zomis gardaqmna veqtoruli  
velis gaswvriv 

 
 

qvemoT, yvelgan vigulisxmebT, rom ),,(   fiqsirebuli 

albaTuri sivrcea. vTqvaT,  A,  namdvili, SemTxveviTi, TiTqmis 

yvelgan  -adiciuri simravleTa SemTxveviTi funqciaa raime   XBX ,  

sivrceze. vigulisxmoT, rom   0AE  da arsebobs  adiciuri uwyveti 

zoma      2121 AAEAA   , gansazRvruli     XBXBXX  , -ze.  

vTqvaT,  H   namdvili, zomadi     funqciebis sivrcea    XBX , -ze, 

skalaruli namravliT: 

                
XXXX

dyydxxEdydxxx  ,  
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ise, rogorc pirvel TavSi  avagoT H  sivrcis SeuRlebuli 
H  sivrce, 

romelic warmoadgens  S    zomebis sivrces, sadac S  unitaruli 

operatoria 
 HHS :  

da 

     ,AdxxA
X

    

ase, rom H  da 
H  sivrcis elementebis dawyvileba xdeba Semdegnairad: 

   ,,,  S  

aqedan cxadia, rom  H -ic iqneba hilbertis sivrce, skalaruli namravliT 

     ,, 


 

rogorc ukve vnaxeT ($1.6), SegviZlia avagoT CarTvis operatori Q  da 

hilbertis sivrce H  romelic mkvrivia H -Si, iseTi rom Q  hilbert-

Smidtisaa da  samarTliania diagrama 

      


  HHHH
QSQ

 (2.1.1) 

amasTan, ganawileba         AP
def

A  ~~  Tavmoyrilia H -Si. 

vTqvaT,   NML ,  aris im namdvili cvladis funqciaTa sivrce, romelebic 

gansazRvrulia M -ze da diferencirebadi arian N  MN   simravlis 

mudmivi elementebis gaswvriv. SemdgomSi vigulisxmebT, rom ~  ganawileba 

warmoadgens gluv zomas     H -Si (ix. [34]). es imas niSnavs, rom arsebobs 

gluvi funqcia    HH: , romelsac ~  zomis logariTmuli 

warmoebuli ewodeba, iseTi, rom yoveli   HHLf ,  funqciisaTvis 

samarTliania nawilobiTi integrebis formula: 

        ', , )
H H

f d f d         
 

        

   ,  gamosaxulebas vuwodebT gafarToebul stoqastur integrals. 

SemoviRoT misTvis ufro mosaxerxebeli aRniSvna 


X

dxx ))(()(   (2.1.2) 

es formula SeiZleba gavavrceloT   Hx  ,  SemTxveviT funqciebzec da 

aseTi funqciebisaTvis igi formalurad ase Caiwereba: 

         , , , ( ) ,
def

X

D x x dx div x               

(2.1.2) integrals gavrcelebuls gluv Hx ),(   funqciebze kvlav 

vuwodebT gafarToebul stoqastur integrals da ase avRniSnavT: 

       ,,))((),( xDdxx
X

  (2.1.3) 
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Teorema 2.1.1 (ix. [19]) gluv Hx ),(   funqciebze gavrcelebuli 

(2.1.3) gafarToebuli stoqasturi integrali akmayofilebs utolobas 

 222,   HH trconstDE  

 da samarTliani Semdegi Tvisebebi: 

1)  0,   DE  

2)     22 ,,   trEDE  

3)  ,, DEDE  . 

ganvixiloT sivrceebis hilbertis struqtura: 

  HHH  

vigulisxmoT, rom   SemTxveviTi zomis ~ ganawileba Tavmoyrilia H -Si. 

vTqvaT, ~ gluvi zomaa H -Si, e.i. arsebobs logariTmuli warmoebuli 

  , H -sivrcis mudmivi elementebis mimarTulebiT, maSin aseT ~-s 

gaaCnia aseTi saxis logariTmuli warmoebuli 

       ', ,z z trz         

  HHz :)(  veqtoruli velis mimarT. 

vTqvaT tsu ,    ,, st  integraluri nakadia, SeTanxmebuli ),( tz   

veqtorul velTan. e.i. 

   ,ts
ts

du z u t
t
 

 ,      u      

da    
1

0

~~  ttt u . SamarTliania 

 

Teorema 2.1.2. ([41]). Tu ),( tz   diferencirebadia  -s mimarT     da   

00:),( HHtz   , 0),( Htz   yoveli t  da  -Tvis, xolo ~ -s gaaCnia 

logariTmuli warmoebuli  

      ,,~  

H -sivrcis mudmivi velebis mimarT, maSin yvela t -zoma eqvivalenturia da 

radon-nikodimis simkvrives aqvs saxe  

        0 0

1 1exp ,
t

t s
st s st

d du u tr d
d d 

      
 

   
     

  





 (2.1.4) 

sadac       
0

1' ,t ttu z t  


  . 

 H  sivrceSi ganvixiloT  gantoleba 

   ,0,,  tt     ,t  (2.1.5) 

sadac    H  sivrcis mudmivi elementia (zomaa), xolo   t   ki, raime 

wiri. vigulisxmoT, rom (2.1.5) gantolebaSi  funqcia akmayofilebs 
sigluvis Sesabamis pirobebs. gveqneba: 
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0' 







tt



,  

dt
d

t














1

'


  

da Tu veqtorul velad aviRebT 

 
1

, tz t
t





  

    
, 

maSin miviRebT  

),( t
t tz

dt
d




  

am SemTxvevaSi    ,0,tut   iqneba z -is integraluri nakadi. garda amisa, 

vigulisxmoT, rom (2.1.5) amoxsnadia  -s mimarT da 

 tt  ,  

CavataroT gamovTvlebi 

       

         

'1 1

1 11 ' '

,0, , , ,

, , , , ,

t t t

t t t tz

u t t u t

u t t t 

  


      

 

 


  



     

 

magram, radgan  

  , , , 0t tt t     , 

amitom  

0












, 

aqedan 

      11 ,,,,, 











ttt ttt 








 

da 

  ,
1

t
















    




 














 1

, tt . 

aseve gveqneba 

 
1 1 1 12 2

'

t t
 

       

                                             
 

saidanac 

 
1 11 2 2

'

t t
 

     

                               
. 

Tu axla am gamoTvlebTan erTad gamoviyenebT Teorema 2.1.2.-s SegviZlia 
davweroT 
 

Teorema 2.1.3. Tu (2.1.5) gantolebaSi  tt  ,,  funqcias gaaCnia 

Semdegi warmoebulebi 
 











tt

2

,,,  da 

2

, xolo asaxva  
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1 12 2

t t    

 
         

           
 

warmoadgens birTvul operators, maSin   zomebi   t
~   eqvivalenturni 

arian da radon-nikodimis warmoebuli ase SeiZleba Caiweros 
 

    
11 2 2

exp , ,
t

td s tr ds
d t t t 


  

      

                                        





 

 
 
 

SeniSvna 2.1.1. es formula ufro martivad Caiwereba   funqciis 
gamoyenebiT. am SemTxvevaSi 

        ,,,,  tt         ,




       ),( t
tt 






, 

0
2






,      
 






tt

22

 ,      
 






, 

saidanac miviRebT   

   
1( ) exp ( ( , )), ( , ) ( )

t
t

t t
d s s tr ds
d  

 

    


 
           

 





 (2.1.6) 
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$2.2. SemTxveviTi zomis arawrfivi gardaqmna 

 
 

ganvixiloT hilbertis struqtura 

  HHH  (2.2.1) 

da zoma ~  gansazRvruli  H  sivrceze, romelsac gaaCnia logariTmuli 

warmoebuli H -sivrcis mudmivi elementebis mimarTulebiT  

( ),   ,      ( ):H H    ,     H  

 gamovikvlioT    zomis arawrfivi gardaqmnis sakiTxi  H -Si. 

 

Teorema 2.2.1. vTqvaT, (2.2.1) warmoadgens  H  zomaTa  sivrcis 

hilbertis struqturas, xolo ~  gluvi zomaa H -ze, romlis 

logariTmuli warmoebulia  

( , ) ( ),       . 

vTqvaT    HHf :   Seqcevadi gardaqmnaa, romlis Seqceulic moicema 

formuliT: 
    Ff  :1

 

amasTan Sesrulebulia pirobebi: 

1) :F H H    uwyveti diferencirebadi asaxvaa; 

2)  'tFI   wrfiv operators gaaCnia SemosazRvruli Seqceuli , roca 

10  t , H .  

maSin zomebi   ~  da 
)1(~~~  f   eqvivalenturia da radon- 

nikodimis warmoebuls aqvs saxe: 

         








 
1

0
)(,)(expdet~

~~



 FdttFFI

d
d

 (2.2.2) 

    
 damtkiceba. ganvixiloT homotopia 

    tFt  , ,   10  t , 

romelic  -s akavSirebs )( tF -Tan. gamoviyenoT Teorema 2.2.1. da (2.1.6) 

formula. am SemTxvevaSi 

 ,F
t





    ,'
2




F
t





       1
1

' 

















tFI . 

Teoremis pirobiT  ~~~~  da  (2.1.6) formulidan gveqneba 

                  






   


1

0

1

0

1'',exp~

~~
dttFItrFFdttF

d
d 



 

Tu visargeblebT gursa-vronskis cnobili formuliT, romlis Tanaxmadac 
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1

0

1 detln RIRdttRItr  

miviRebT (2.2.2)-s. Teorema damtkicebulia. 
 

magaliTi 2.2.1.  Tu ~  gausis kanonikuri zomaa H -Si, maSin 

     da (2.7)-dan vRebulobT 

        






  2

1 ||||
2
1exp'det~

~~



 FFFI

d
d

 (2.2.3) 

 

SeniSvna 2.2.1. vTqvaT, ~  gausis zomaa nulovani saSualoTi da R  

birTvuli korelaciuri operatoriT 0H -Si 

     
X X

R E t z dt dz      

maSin,     1 R . am SemTxvevaSi gamosaxuleba 

    
0

, * 'f S TrS f R   , 

sadac S  wrfivi SemosazRvruli operatoria, SeiZleba maSinac CavweroT, 

roca  'f  SemosazRvrulia da  
*RS hilbert-Smidtisaa. kerZod, aviRoT 

2
1

 RS  da avRniSnoT 
1 1

( ) 2 2( )( ) ( ( ), ) ( )Rl f f R trf R   


   
rogorc zemoT iyo naCvenebi (Teorema 2.1.1), es gamosaxuleba SeiZleba 
gavrceldes rogorc gafarTovebuli stoqastikuri integrali. amitom 
Teoremis pirobebSi SegviZlia davweroT 

          






















22

1

2
1expdet~

~~



 FdRFFI

d
d

X
 (2.2.4) 

  sadac   TI det - reguliarizebuli determinantia (ix. [), romelic ase 
ganisazRvreba 

    keTI k
k

 



  1det

1
, 

xolo  T   aris hilbert-Smidtis tipis operatori,  k  misi sakuTrivi 

ricxvebia. 
am Teoremisa da (2.2.2), (2.2.3), (2.2.4) formulebis gamoyenebiT SeiZleba 

Seswavlili iqnas zomaTa ganawilebebi, romlebic warmoadgenen zomebiani 
diferencialuri gantolebebis amonaxsnebs  SemTxveviTi SesakrebebiT. 
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magaliTi 2.2.2. ( SemTxveviTi zomis cilindruli tipis gardaqmna) 
 

mravali amocanas, romelic dakavSirebulia zomis Semcvel 
gantolebebTan usasruloganzomilebian sivrceebSi, mivyavarT integraluri 
tipis gardaqmnebamdemde. am magaliTSi ganxilulia zomaTa eqvivalentobis 
sakiTxebi arawrfivi gardaqmnisas, romelsac integraluri saxe aqvs da 
damokidebulia sawyisi  -algebris fiqsirebul elementebze. 

 qvemoT yvelgan vigulisxmebT, rom  P,,  fiqsirebuli albaTuri 

sivrcea.  mQ  ki m  ganzomilebiani kubi m
m

km XQ ]1,0[]1,0[
1




; m  iyos mQ -is 

qvesimravleTa borelis zoma. xolo  ,X  raime zomadi sivrce. 

 GganvixiloT mQ  simravleze namdvilmnisvnelobebiani  

SemTxveviTi zomebi ),,(),(  AtAt  , romelTac gaaCniaT Semdegi Tvisebebi: 

M1)   SemTxveviTi sididea fiqsirebuli mQt   da A -Tvis; 

),(2 AtE  T.Yy. lebegis zomiT, roca mQt   da A  

M2) fiqsirebuli mQt  -Tvis, ),( At  niSancvladi zomaa TiTqmis yvela 

 -Tvis 

M3) fiqsirebuli A -Tvis   kvadratiT integrebadia  )(dtm  zomiT,  

albaTobiT 1. 

 mQL2
~

-iT avRniSnoT ),( At  SemTxveviT zomaTa sivrce, romelsac 

gaaCnia M1), M2) da M3) Tvisebebi. cxadia, rom  mQL2
~

 warmoadgens hilbertis 

sivrces skalaruli namravliT   
m

m
Q

mQL dtXtXtE )(),(),(, 21)(~21 2
  da 

Sesabamisi 
2

)(~
2 mQL  

mQ
m dtXtE )(),(2   normiT. SemoviRoT urTierT 

korelaciuri zoma ),(),(),( 21
21 BsAtEBAts    . am zomis saSulebiT 

  )(~21 2
,

mQL  
mQ

mtt dtXX )(),(21    da 
m

m
Q

mttQL
dtXX )(),(2

)(~
2

   

dauSvaT )(~)(~)(~
222 mmm QLQLQL    warmoadgens  mQL2

~
 ZiriTadi sivrcis 

kvazibirTvul gafarToebas. ganvixiloT gardaqmna  mQL2
~

-Si 


mQ

mn dssAsAsAAstGtAtA )()),(),...,,(),,(,,,(),(),(~
21          (2.2.5) 

sadac nAAA ,...,, 21  fiqsirebuli zomadi simravleebia  -dan,  xolo 

),...,,,,,( 21 nxxxAstG  aris funqcia gansazRvruli n
m RQ 2 -ze. aseT asaxvas 

Cven uwodebT cilindruli tipis gardaqmnas. 
 SemoviRoT aRniSvnebi: 

),...,,,,()()),(),...,,(),,(,,,( 2121 n
Q

mn AtgdssAsAsAAstG
m

   

),...,,,(
),...,,,,...,,,(

1
111

niij

uj

njjji Atg
u

uAtg

jj
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 P -iT avRniSnoT   emTxveviTi zomis ganawileba.  mQL2
~

 sivrcis (2.2.5) 

gardaqmnas   zoma gadahyavs ~  zomaSi, romlis ganawilebac avRniSnoT ~P -

iT. Mminlos-sazonovis Teoremis Tanaxmad es zomebi Tavmoyrilia )(~
2 mQL  

sivrceSi. Cven gvainteresebs, Tu ra pirobebSia es ganawilebebi 
eqvivalenturi.  
 
 Teorema 2.2.2. Tu (2.2.5) gardaqmnas gaaCnia M1), M2) da M3) Tvisebebi, 

sadac nAAA ,...,, 21  fiqsirebuli zomadi simravleebia  -dan da 

),...,,,,,( 21 nxxxAstG  funqcia n
m RQ 2  simravleze akmayofilebs pirobebs 

 G1) ),...,,,,,( 21 nxxxAstG  funqcia uwyvetia yoveli A -Tvis t , mQs  

mimarT, diferencirebadia nxxx , ... , , 21  mimarT da kvadratiT integrebadia 

nmm l  zomiT, sadac nl  lebegis zomaa nR -Si 

 G2) fiqsirebuli  t , mQs  da Rxxx n , ... , , 21 -Tvis ),...,,,,,( 21 nxxxAstG  

warmoadgens zomas  -ze 
 G3) arsebobs aranulovani determinanti 

)(1  ...   )(    )(   
............................................. 

)(   ...  )(1   )(    
)(   ...    )(    )(1  

)(

21

22221

11211

xgxgxg

xgxgxg
xgxgxg

x

nnnn

n

n






  

maSin, Tu urTierT koaliciur zomas  s t , gaaCnia logariTmuli 

warmoebuli TiToeuli argumentis mimarT )(~
2 mQL -s  mudmivi mimarTulebebis 

gaswvriv, zomebi  P  da ~P  eqvivalenturia da  







  2

)(~
~

2
),,(

2
1)),,,(,(exp)()(

mQL
AtgAtgt

dP
dP




              (2.2.6) 

sadac ),,( Agt  warmoadgens gafarToebul stoqastur zomad funqcionals  
( [35]) 
 
 damtkiceba: gamoviyenoT (2.2.5) gardaqmnisaTvis Teorema 2.2.1, amisaTvis 
saWiroa vaCvenoT, rom am asaxvas gaaCnia Seqceuli. CavsvaT (2.2.5)-Si 

Tanmimdevrulad 1A , 2A , . . , nA  da SevadgenoT sistema 


mQ

mn dsAsAsAstGAtAt )()),(),...,,(,,,(),(),(~
1222   

............................................................................................. 


mQ

mnnnn dsAsAsAstGAtAt )()),(),...,,(,,,(),(),(~
1   

 am sistemas Teoremis G3) pirobiT gaaCnia amonaxsni ),( 1At , ),( 2At , . . . 

, ),( nAt  zomebis mimarT, anu arsebobs 1H , 2H , . . . , nH , iseTebi, rom 

)),(~),...,,(~,,...,,(),( 1111 nn AtAtAAtHAt    

)),(~),...,,(~,,...,,(),( 1122 nn AtAtAAtHAt    

....................................................................... 

)),(~),...,,(~,,...,,(),( 11 nnnn AtAtAAtHAt    
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amitom (1)-dan miviRebT Seqceuli asaxvis Semdeg saxes: 




mQ
mnnnn dsAsAsAsHAsAsAAsHAstG

AtAt
)())),(~),...,,(~,...,,()),...,,(~),...,,(~,,...,,(,,,(

),(~),(

11111 


. 

SevniSnoT, rom urTierT koaliciuri zomis sigluve 

(logariTmuli warmoebulis arsebobis azriT )(~
2 mQL -s  mudmivi 

mimarTulebebis gaswvriv) uzrunvelyofs P  ganawilebis aseTsave 

sigluves. Teorema2.2.2-is danarCeni moTxovnebi avtomatiurad 
Sesrulebulia, rac uzrunvelyofs mocemuli Teoremis samarTlianobas.  
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$2.3 adiabaturi procesebis Seswavla  
zomaTa absoluturi uwyvetobis gamoyenebiT 

 
 

SemTxveviTi zomebi da zomis Semcveli diferencialuri gantolebebi 
xSirad gvxvdeba fizikis, teqnikisa da bunebismetyvelebis iseTi amocanebis 
ganxilvisas, sadac raime procesebisas xdeba sxeulisaTvis damaxasiaTebeli 
iseTi sidideebis cvlileba, romelebic zomas warmoadgenen (moculoba, 
Sinagani energia, masa...). bunebrivia, aseT amocanebTan saqme gvaqvs 
makrosistemebis Seswavlis dros. TermodinamikaSi, sadac sxeulis qveS 
igulisxmeba sivrcis garkveuli nawili, romelic raime nivTierebiTaa 
Sevsebuli da romlis ZiriTad parametrebsac, sxvebTan erTad, moculoba 
da Sinagani energia warmoadgens, mravlad gvxdeba sakiTxebi, romlebic 
dakavSirebulia SemTxveviTi zomebis SeswavlasTan. 

GganvixiloT Caketili Termodinamikuli sistema. Termodinamikis 
pirveli kanonis TanaxmaT 

 

AdUQ     

 

sadac Q  sistemaze gadacemuli usasrulo mcire siTboa, dU  sistemis 

Sinagani energiis usasrulod mcire cvlileba, xolo A   sistemis mier 
Sesrulebuli usasrulod mcire muSaoba. Sinagani energiisagan 
gansxvavebiT, muSaoba da siTbo ar warmoadgenen sxeulisaTvis 

damaxasiaTebel Tvisebebs, amitom  Q  da A  aRniSvnebi ganpirobebulia im 

faqtiT, rom isini ar warmoadgenen srul diferencialebs, xolo Sinagani 
energia mdgomareobis funqciaa da maTematikuri TvalsazrisiT igi zomas 
warmoadgens. 

 Aadiabaturi procesis 0Q  da gveqneba 

 

pdVdU    

 

sadac p  aRniSnavs wnevas, xolo V  sxeulis mier dakavebul sivrcis 

moculobas. am gantolebasTan erTad GganvixiloT gazis mdgomareobis 
gantoleba 
 

),( TVfp    

  

sadac T  sxeulis temperaturaa. Tu gaviTvaliswinebT im faqts, rom 
Sinagani energia warmoadgens moculobis da temperaturis funqcias, 

),( VTUU   da am gantolebidan amvxsniT T -s mdgomareobis gantoleba 

SeiZleba ase Caiweros   ),( VUPp   da adiabaturi procesis  

diferencialuri gantoleba miiRebs saxes 
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),( VUP
dV
dU

   

  
am diferencialuri gantolebis amoxsna sawyisi pirobebis gaTvaliswinebiT 
gvaZlevs sxeulis Sinagani energiisa da moculobis damokidebulebas.  

 erTi kilomoli idealuri gazis SemTxvevaSi, roca 
V
RTP  ,  TCU v , 

sadac R  gazTa universaluri mudmivaa, xolo vC – kuTri siTbotevadoba 

mudmivi moculobis dros(ix.[13],[27]),  gantolebas aqvs saxe  
 

VC
RU

dV
dU

v
  

 

 
da misi zogadi amonaxsni  iqneba  
 

VconstU . ,  

 

sadac 
vC

R
  

 am gantolebis analogiuri gantoleba SegviZlia miviRoT TV ,  

cvladebis mimarT, Tu CavTvliT, rom ),(, TVPpdTCdU v  , miviRebT: 

 

),( TVP
C

dT
dV v   

 
romelic idialuri gazis SemTxvevaSi gvaZlevs puasonis adiabatis 

gantolebas constTV 1 , sadac   
vC

R
1    

 realuri gazis SemTxvevaSi mdgomareobis gantolebis dadgena ara 
marto Termodinamikis, aramed molekuluri da statistikuri fizikis 

amocanas warmoadgens da yoveli nivTierebisaTvis  ),( TVfp   

funqcionalur damokidebulebas konkretuli saxe aqvs, romelic dgindeba 
garkveuli eqsperimentebis safuZvelze(ix.[27]). 
 zogadad, realuri gazis SemTxvevaSi mdgomareobis gantolebas 
Semdegi saxe aqvs: 
 

...3
3

2
2 

V
B

V
B

V
RTp  

 

 

sadac B ,..., 32 BB koeficientebi temperaturis funqciebia da maTi dadgena 

xdeba konkretul SemTxvevebSi molekulur-kinetikuri Teoriis meTodebiT. 
Aaqedan gamomdinare, realuri gazis SemTxvevaSi zemoT ganxiluli 



 54

gantolebebis amonaxsnis povna analizuri saxiT praqtikulad SeuZlebelia. 
  

adiabaturi procesisas Cven vgulisxmobT, rom sistema absoluturad 
izolirebulia garemodan da yovel momentSi wonasworobis mdgomareobaSia, 
e. i. Termodinamikuri parametrebi erTnairia sxeulis yovel nawilSi, garda 
amisa TviT sxeulis SigniT ar aqvs adgili raime qimiur procesebs da 
mdgomareobis gantoleba zustad asaxavs damokidebulebas Termodinamikur  
parametrebs Soris. Aaqedan gamomrinare mocemul gantolebebTan erTad 
mizanSewonilia ganvixiloT gantolebebi: 

 

)(),( VVUP
dV
dU

  

 

)(
),(

T
TVP

C
dT
dV v   

 
 
 
 
 

 

sadac )(V  da )(T  SemTxveviTi funqciebia. es gantolebebi SeiZleba 

ganxilul iqnas, rogorc Semdegi saxis operatoruli gantolebis kerZo 
SemTxvevebi: 
 

)(),(),( ttftL     

 
  

ganvixiloT realuri gazis adiabatis gantoleba aseTi saxiT: 

   
 VTP

TCT
dT
dV v

,
  (2.3.1) 

      0        ,            ,         , 00000  TMVTVTTaTT   

sadac V -erTi moli gazis moculobaa. )(TCv  gazis siTbotevadoba mudmivi 

moculobis dros (igi miiCneva mudmiv sidided temperaturis garkveul 

intervalebSi),  ),( VTPP   realuri gazis mdgomareobis gantoleba, T  

gazis temperatura, )(T  gausis SemTxveviTi procesi 0-is toli saSualoTi 

da ),( STR  korelaciis funqciiT. zogadobis SeuzRudavad vgulisxmobT, 

rom 0)( 00 VTV  

)()(),( STMSTR  , 

amasTan igulisxmeba, rom    


a

T
dsssR

0

),(  

 da amitom  

  
a

T

a

T
dsdsR

0 0

),(   

  



 55

SeniSvna 2.3.1. idealuri gazis SemTxvevaSi   vv CTC  , 
V
RTp  , sadac 

R -gazis universaluri mudmivaa da (2.3.1) gantoleba aseT saxes miiRebs 

  V
RT
CT

dT
dV v   

es gantoleba wrfivi diferencialuri gantolebaa  da misi Seswavla 

siZneles ar warmoadgens. 
 

SeniSvna 2.3.2. realuri gazebis SemTxvevaSi (2.3.1.) gantoleba 
arawrfivia da mas, SedarebiT rTuli saxe aqvs. garda amisa Sinagani 
energia damokidebulia sxeulis moculobazec. magaliTad, gazebSi, 
romelTa mdgomareobis gantoleba aRiwereba van-der-vaalsis gantolebiT 
(ix[27]) 

2V
c

bV
RTp 


  

V
cTCU v    da (2.3.1.)  gantoleba miiRebs saxes 

   bV
RT
CT

dT
dV v   

zogad SemTxvevSi ki vRebulobT (2.3.1.)-is analogiur gantolebas 

   
 VTP

TCT
dT
dV v

, , 

sadac 

    2,,
V
cVTPVTP 

. 

vTqvaT   aris ],[ 02 aTL -ze gansazRvruli funqcionali RL  2: . 

amocana mdgomareobs (2.3.1) gantolebis amonaxsnisaTvis   funqcionalis 

mniSvnelobis )(VE  saSualos gamoTvlebSi. Radgan (2.3.1)  gantoleba 

arawrfivia V -s mimarT sazogadod misi amonaxsni analizuri saxiT ar 
gamoisaxeba da dasmuli miznisaTvis alternatiuli gza unda veZeboT. 

(2.3.1) gantolebis paralelurad ganvixilavT gawrfivebul gantolebas 

0)(  T
dT
dU

  (2.3.2) 

      0        ,0  U          ,0         , 000  TMTTaTT       

(2.3.1) da (2.3.2) gantolebis amonaxsnebi )(TU  da )(TV warnoadgenen 

SemTxveviT zomebs da maT mier warmoqmnili zomebi u  da v  warmoadgenen 

zomebs ],[ 02 aTL  sivrceSi, romelSic SeiZleba vaCvenoT u  da v  zomebis 

eqvivalentoba. radon-nikodimis warmoebuli, anu simkvrive ase avRniSnoT: 

)()( U
d
dU

u

v




   

am SemTxvevaSi SegviZlia movaxdinoT cvladebis Secvla, 
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22

)()()(
)(
)(

)()()()(
L

u
u

v

L
v UUEdx

xd
xd

xxdxVE 



  (2.3.3) 

da dasmuli amocana dadis ufro martivi (2) saxis gantolebis amonaxsnis 
funqcionalis povnaze. (2)-dan SegviZlia CavweroT, 

          
T

T
dTU

0

)()(   (2.3.4) 

cxadia )(TU  gausis semTxveviTi procesia da misTvis 

0)( TEU , 

   
T

T

T

T

T

T

T

T

dsdsRdsdsETEU
0 00 0

),(}()()()()(2  ,  

 
t

T

s

T
u ddRsUtEUstR

0 0

).()()(),(  . 

(2.3.3) gamosaxulebis marjvena mxaris gamosaTvlelad, cxadia, unda 
SegveZlos radon-nikodimis warmoebulis gamoTvla. ase, rom unda 

davadginoT v  da u  zomebis eqvivalentoba da gamoviyvanoT Sesabamisi 

simkvrivis gamosaTvleli efeqturi formula. amisaTvis gamoviyenebT wina 
paragrafSi moyvanil Sedegebs SemTxveviTi gausuri zomis arawrfivi 
gardaqmnis Sesaxeb. 

(2.3.1) da (2.3.2) gantolebebidan SegviZlia CavweroT 

 
 

 VTP
TC

dT
dW v

,
  ,    00 TW , 

sadac UVW  . Sesabamisad  

 

 d
VP

CTW
T

T

v
0

),(
)()( ,   

e. i. 


T

T

v d
VP

CTVTU
0

),(
)()()( 




 (2.3.5) 

miRebuli (2.3.5) gamosaxuleba ganvixiloT rogorc gardaqmna 2L  -Si. es 

arawrfivi gardaqmnaa da radganac u gausis zomaa , amitom (2.3.5)  

SegviZlia ganvixiloT, rogorc gausis zomiani hilbertis sivrcis 
arawrfivi gardaqmna. aseT SemTxvevaSi SegviZlia gamoviyenoT wina 
paragrafSi miRebuli Sedegebi. 

aRvniSnoT ),( stKu -iT iseTi ori cvladis funqcia,romelic 

akmayofilebs tolobas: 

  
a

T
uuu dsKtKstR

0

),(),(,   

(2.3.5) gardaqmna ase CavweroT 
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a

T
u dVgTKTVTU

0

),(),()()(   

es imas niSnavs, rom unda moiZebnos iseTi funqcionali ),( Vg  , romelic 

akmayofilebs tolobas: 

 
T

T

a

T
u

v dVgTKdt
VtP
tC

0 0

),(),(
),(

)(   (2.3.6) 

avRniSnoT ),( stK -iT iseTi ori cvladis funqcia, romelic akmayofilebs 

tolobas 

  
a

T
dsKtKstR

0

),(),(,    (2.3.7) 

                                        
rogorc cnobilia klasikuri analizidan amgantolebas yovelTvis gaaCnia 

amonaxsni ),( stK . Aadvilad SevamCnevT Tanafardobas: 


t

T
u dssKstK

0

},(),(  , 

amitom (2.3.5) ase Caiwereba: 

  
T

T

T

T

a

T

v dtdVgtKdt
VtP
tC

0 0 0

},(),(
),(

)(  . 

cxadia (2.3.5) gantolebas gaaCnia amonaxsni Tu 

 
  

a

T

v dtVgTK
VTP
TC

0

),(),(
,

  (2.3.8) 

gantolebas gaaCnia amonaxsni ),( Vg  -s mimarT. 

 

Teorema 2.3.1. Tu (2.3.8) gantolebas gaaCnia amonaxsni ),( Vg  -is 

mimarT, maSin v  da u  eqvivalenturni arian da radon-nikodimis 

warmoebuls aqvs aseTi saxe: 
 













  
a

T

a

Tu

v dUgdWUgU
d
dU

0 0

),(
2
1)(),(exp)()( 2 


  (2.3.9) 

        damtkiceba: (3.2.5) gardaqma warmoadgens 2L  sivrcis volteras 

tipis gardaqmnas, amitom cnobili Teoremis TanaxmaT (ix. [4] ) 1]det[  KI .  

(2.3.9) formulaSi )(tW  ase gamoisaxeba; 

 
a

T
dWtKt

0

)(),()(    (2.3.10) 

pirveli integrali warmoadgens stoqastur integrals gafarToebuli 

saxiT. wina paragrafis Teorema 2.2.1 gamodis, rom u da v  eqvivalenturia 

da radon-nikodimis warmoebuls gaaCnia (2.3.9) saxe. 
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damtkicebuli Teoremis TanaxmaT (2.3.3) gamosaxulebis gamoTvla 

dadis Semdegze:  













  
a

T

a

T

dUgdWUgUEUUE
0 0

),(
2
1)(),(exp)()()( 2   

gamoviyenoT standartuli xerxi aseTi gamoTvlebis gamartivebisaTvis.  

vTqvaT  1)( kk t  orTogonaluri bazisia 2L -Si maSin )(t  gausuri 

procesis korelaciis funqcia ase warmodgeba: 

)()(),(
1

ststR
k

kkk



   

da Tu aviRebT  

)()(),(
1

2
1

ststK
k

kkk



   

gamosaxulebas, is daakmayofilebs (6) tolobas, am SemTxvevaSi (2.3.8) ase 
Caiwereba: 

 
   






1

2
1

0

),()()(
, k

a

T
kkk

v dsVsgsT
VTP
TC   

gavamravloT am tolobis orive mxare )(Tk -ze da vaintegroT ],[ aTo -

intervalze. amasTan gaviTvaliswinoT  

 
a

T
kk VgdsVsgs

0

)(),()( , 

 

 
 a

T
kk

v
k VgdTT

VTP
TC

0

)()(
),(

)(2
1

  

cxadia, marcxena mxareSi integrali warmoadgens  
 

 VTP
TCv

,
  funqciis 

furies koeficients. sabolood miviRebT, rom  

 









1

2
1

1 0

)(
),(

)()()()(),(
k

a

T
k

v
kkk

k
k dtt

VtP
tCTTVgVTg   

analogiurad (2.3.10)- dan vRebulobT   

)()()()(
01

2
1

 dWtt
a

T
kk

k
k 






 . 

aqedan: 

       
 a

T
k

a

T
kkk WdWt

0 0

2
1

 . 

e. i.  
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amitom 
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sadac 

              
a

T
k

v
vk d

VP
CC

0

)(
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)( 



,       )()(
0

 n

a

T
kkn dm   

analogiurad gamoiTvleba meore integralic 

  2

1

1

2

2
1

1

2
1
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),(

)(,
000

vk
k

kn

a

T
k

a

T
k
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T
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CdVg 





















 


  

anu radon-nikodimis warmoebuls eqneba aseTi saxe: 
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amgamosaxulebis Casma (2.3.3)-Si da (2.3.4)-is gaTvaliswineba gvaZlevs 
maTematikuri lodinis gamoTvlas cxadi saxiT. 

sainteresoa is SemTxveva roca )(t  (2.3.1) da Sesabamisad (2.3.2) 

gantolebaSi warmoadgens e. w. ,,TeTr xmaurs". am SemTxvevaSi aRniSnul 
gantolebebs unda mieces stoqasturi diferencialuri gantolebebis saxe: 

                          

    
 

 dT
VTP
TCTdWdV v

,
)(   (2.3.11) 

     0                 , 00  TVaTT  

da 

0)(  TdWdU  ,         0)( 0 TU  

anu   )()( 0TTWTU  . aq  da (2.3.11)-Si )(TW  vineris procesia. zemoT 

moyvanili Teorema am SemTxvevaSic samarTliania (ix.[39]). ufro metic, 
radganac 

  )(,   TTK , 

amitom (7) gantolebas gaaCnia cxadi saxis  amonaxsni 

 
 dT

VTP
TCVTg v

,
);(   

da radon-nikodimis warmoebuls aseTi saxe miecema: 
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       saSualos Sefasebis moyvanili meTodi atarebs zogad xasiaTs da is 
SeiZleba gamoyenebuli iqnes sxva SemTxvevebSic. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
$2.4 meore gvaris sasazRvro amocana SemTxveviT  
koeficientebiani Cveulebrivi diferencialuri 

gantolebebisaTvis 
   
 
 dauSvaT  P,,  fiqsirebuli albaTuri sivrcea;   ]1,0[22 LL  ki 
namdvilmniSvnelobebiani SemTxveviT funqciaTa sivrce, romelTac gaaCniaT 

meore rigis sasruli momentebi  
1

0

22 )( dttxEx . skalaruli namravls am 

sivrceSi aqvs saxe   
1

0

)()(, dttytxEyx . vTqvaT )(tw  vineris procesia 

 ganvixiloT meore gvaris sasazRvro amocana 

),()()()( twtytty                            (2.4.1)                                            

   0)1()0(  yy ,  )(mod P ,   ]1,0[t . 

sadac )(t  akmayofilebs pirobas 


1

0

)(),()()( sdwstAtat                        (2.4.2) 

aq )(ta  da ),( stA  araSemTxveviTi funqciebia, ])1,0([)( 2Lta  ,  )]1,0([),( 2
2LstA  , 

maSin   ]1,0[)( 2Lt  da warmoadgens gausis process, romlisTvisac 

)()( tatE  , xolo korelaciur birTvs aqvs saxe  


1

0

),(),()()(),(  dsAtAsatastK  

ganvixiloT (2.4,1) amocanis eqvivalenturi amocana 
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)()()()(
0

twdssysty
t

   

)1()()(
1

0

wdssys  ,   )(mod P . 

Cveni mizania avagoT (2.4.1) gantolebis amonaxsni. amisaTvis ganvixiloT 
pirdapiri da Sebrunebuli sawyisi amocana 

0)()()( 11  tytty  ,                           (2.4.3) 

,1)0(1 y  0)0(1 y , 

                         0)()()( 22  tytty  ,                          (2.4.4)                                   

1)1(2 y ,  0)1(2 y . 

)(t  funqciis zemoT CamoTvlili Tvisebebi uzrunvelyofen (2.4.3)-(2.4.4) 
amocanebis amonaxsnebis arsebobasa da erTaderTobas. ufro metic, 
TanmimdevrobiTi miaxloebis meTodiT, amonaxsnebisaTvis SegviZlia 
davweroT: 

    







1 0 0 0 0

12322321

1 2 12

...)(...)()(...)1(1)(
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ddddty
  

  

da 
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1 1 1 1

12322322

1 2 12

...)(...)()(...)1(1)(
k t

kk
k

k

ddddty
  

 . 

am sistemis vronskiani  0)1()( 1  ytV   )(mod P , amitom  

1y , 2y  sistema damoukidebelia. 
 AavagoT am amocanisaTvis grinis funqcia 

),( stG













s t          ),0()()(

s t          ),0()()(
1

21

1
21

Vtysy
Vsyty

                   (2.4.5) 

SevecadoT (2.4.1) amocanis amonaxsni CavweroT dalecki-skoroxodis 
gafarToebuli stoqasturi integralis saxiT 


1

0

)(),,()( sdwstGty                        (2.4.6) 

amisaTvis saWiroa vaCvenoT am integralis arseboba. ganvixiloT 
gamosaxuleba  
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gaviTvaliswinoT, rom gausuri sidideebisaTvis 
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 ,  roca   mn 2 ,  ,...2,1m  

sadac A  mudmivi isea SerCeuli, rom 
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analogiurad, meore SesakrebisaTvis gveqneba 
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21
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12
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. 

am Sefasebebidan Cans, rom stoqasturi warmoebulis aucilebeli momentebi 
arseboben, rac uzrunvelyofs dalecki-skoroxodis (2.4.6) stoqasturi 
integralis arsebobas. 
    SevamowmoT rom (2.4.6) gamosaxuleba warmoadgens (2.4.1) amocanis 
amonaxsns, CavsvaT formalurad (2.4.6) (2.4.1)-Si 

)()(),,()()(),,(
1

0

1

0

2 twsdwstGtsdwstGt
    

grinis (2.4.5) funqciis agebis Tanaxmad: 

)(),()(),(2 ststGtstG
t

                    (2.4.7) 

visargebloT mudmivi SemTxveviTi sididis stoqasturi integralis gareT 
gamotanis formuliT                                       
 

 
1

0

1

0

1

0

),(
)(
)()(),()()(),()( dttf

tw
tdwtftdwtf 


 . 

miviRebT 
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0

1

0

)(),,()(),,()()(),,( 22 sdwstGsdwstGtsdwstG tt   
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1
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)(),,()(),(),(),()(),,()( 2 sdwstGtstGdsstGstAsdwstGt t   
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 . 

(2.1.7) formulis gamoyenebiT vRebulobT 
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. 

sadanac sabolood miviRebT, rom    

)()()()(),,()()(),,(
1

0

1

0

1

0

2 twsdwstsdwstGtsdwstGt
    

risi damtkicebac gvindoda.  
amgvarad Cven davamtkiceT Semdegi debulebis samarTlianoba 
 
Teorema 2.4.1. Tu  (2.4.1) sasazRvro amocanisaTvis Sesrulebulia (2.4.2) 

piroba, sadac ])1,0([)( 2Lta  da )]1,0([),( 2
2LstA  , maSin (2.4.1) amocanas 

gaaCnia erTaderTi amonaxsni albaTobiT 1, romelic moicema (2.4.6) 

stoqasturi integralis saxiT, sadac grinis funqcia ),( stG  ganisazRvreba 

(2.4.5) formuliT (2.4.3) da (2.4.4) sawyisi amocanebis saSualebiT  
 

 SeniSvna: MmarTalia, zemoT moyvanili damtkiceba atarebs formalur 
xasiaTs, magram gluvi (ZiriTadi) funqciebis Setanas integralis niSnis 
qveS mivyavarT am msjelobis samarTlianobamde, radgan Aaq moyvanili 
msjelobebi moyvanilia ganzogadebuli funqcaTa klasisaTvis 
 magaliTi 1. Tu 1)( t , maSin  

)()()( twtyty  , 

0)1()0(  yy ,   10  t  

amocanis amonaxsni moicema formuliT 









 

1

0

)()1sin(cos)(sin)1cos()1(cos
1sin

1)(
t

t

dsswstdssswttwty  

 miRebuli Sedegebis gamoyenebis sailuctraciod, ganvixiloT erTi 
amocana gluvi zomebis Teoriidan. 
 GvTqvaT gvaqvs meore sasazRvro amocana Semdegi gantolebisaTvis 

),()()()()( tftwtytaty                    (2.4.8)                                

0)1()0(  yy ,  )(mod P ,   ]1,0[t , 

sadac ])1,0([)( 1Wtf   da )(ta  determinirebuli uwyveti funqciebia. Teorema 
2.4.1.-is Tanaxmad am amocanis amonaxsni Caiwereba Cveulebrivi stoqasturi 
integralis saxiT  
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1

0

1

0

)(),()(),()( sdfstGtdwstGty  

(2.4.8) amocanasTan erTad, ganvixiloT amocana: 

  )()()()( twtxtatx  ,                       (2.4.9)                                   

0)1()0(  xx ,   )(mod P ,   ]1,0[t . 
cxadia, rom am ori procesisTvis adgili aqvs tolobas 


1

0

)(),()()( sdfstGtxty                       (2.4.10)                                             

vTqvaT y  da x  Sesabamisad )(ty  da )(tx  SemTxveviTi procesebis 

ganawilebebia.  CvenTvis sainteresoa am zomebis absoluturad uwyvetobis 
sakiTxi erTmanrTis mimarT. 

 SevniSnoT, rom zomebi y  da x  namdvil mniSvnelobebiani gausuri 

zomebia lebegis zomiT kvadratiT integrebadi funqciaTa ])1,0([2L  sivrceSi, 

amasTan y -is saSualo mniSvneloba 

 









1

0

1

0

1

0

)(),()(),()(),()( sdfstGsdfstGsdwstGEtEy  

xolo korelaciuri birTvi, moicema formuliT 
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)(),()(),()(),()()(),(  dwsGdftGdwtGEsytEystRy  

21

0

1

0

1

0

)(),(),(),()(),( 












   dftGdsGtGdfsG . 

analogiurad gamoiTvleba x  zomis maxasiaTeblebic 

0)( tEx ,   
1

0

),(),(),(  dsGtGstRx . 

(2.4.10) tolobidan gamomdinare, am zomebis eqvivalentobisaTvis aucilebeli 
da sakmarisia Sesruldes piroba 

])1,0([)(),()( 2

1

0

LKsdfstGtb x  ,                  (2.4.11) 

sadac xK  integraluri operatoria 
1

0

)(),())(( dssstKtK xx  , ])1,0([)( 2Lt   ,  

xolo  ),( stK x  birTvi ganiazRvreba tolobidan 


1

0

),(),(),(  dsKtKstR xxx  

advili dasanaxia, rom Cven SemTxvevaSi ),(),( stGstK x   da (2.4.11) pirobas 

mivyavarT  

 
1

0

1

0

)(),()(),( sdfstGdssrstG  
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integraluri gantolebis amonaxsnis arsebobasTan )(tr  funqciis mimarT.  

Ees amonaxsni ki arsebobs Tu )(tf  absoluturad uwyveti funqciaa. 
Aamgvarad, samarTliania debileba. 
 

 Teorema 2.4.2. Tu y  da x  zomebi warmoadgenen Sesabamisad (2.4.8) da 

(2.4.9) amocanebis amonaxsnTa ganawilebebs ])1,0([2L  sivrceSi, sadac )(ta  

uwyveti funqciaa, xolo )(tf  absoluturad uwyveti funqcia, maSin es 
zomebi eqvivalenturia da radon –nikodimis simkvrives aqvs saxe 
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$2.5. sawyisi ganawilebis statistikuri Sefaseba     
intervalis bolos arsebul 
dakvirvebaTa safuZvelze. 

 
 

dauSvaT  T.0  intervalze mocemulia pirveli rigis diferencialuri 
gantoleba  

))(,()( tytfty   (2.5.1) 

 da ganvixiloT koSis sawyisi amocana Xy )0( , sadac X  SemTxveviTi 

sididea ucnobi ganawilebis )(xp  simkvriviT. vigulisxmoT, rom am amocanas 

gaaCnia erTaderTi amonaxsni )(ty  albaTobiT 1, romelic, cxadia, 
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warmoadgens SemTxveviT process.  statistikisTvis SesaZlebelia am 

procesis dakvirveba intervalis bolo T  wertilSi, romelic Seesabameba  
X -is garkveul miuRwevad SerCevas, anu gvaqvs dakvirvebebi 

).(....,),(),( 21 TyTyTy n am dakvirvebaTa safuZvelze unda moxdes )(xp  simkvrivis 

Sefaseba. roca  0),( xtf , maSin Xy   da amocana daiyvaneba klasikur 

formaze. 
bunebrivia, rom integraluri wiris gaswvriv  )(xp  funqcia garkveul 

kanonzomierebas unda eqvemdebarebodes, rom SesaZlebeli gaxdes misi 
aRdgena. Amitom, dasawyisisaTvis jer es sakiTxi SeviswavloT. 

vTqvaT ( F, ) zomadi sivrcea, )(FMC   F -ze gansazRvruli 
namdvilmniSvnelobebiani   -adiciuri simravleTa sivrce normiT 

  )()()(    Var , 

sadac     , hanis gaSlaa. M M  warmoadgens banaxis sivrces da 

am sivrcis elementebs SemdgomSi vuwodebT zomebs.  

ganvixoloT zomaTa erToblioba Mt  , sadac t  namdvili 

parametria,  Tt0 . vigulisxmoT, rom yoveli fiqsirebuli FA - 

saTvis funqcia )(At t  uwyvetia, krebadoba F  -is simravleebze 

ganimarteba, rogorc susti krebadoba M -ze (ix.[2]), amitom es erToblioba 

SemosazRvrulia M ze: 


t
Tt


0
sup  

vigulisxmoT, rom yoveli FA -saTvis )(At  funqcia 

diferencirebadia ),0( Tt  parametris mimarT da gaaCnia calmxrivi 

warmoebulebi 0t  da Tt   wertilebSi, maSin zomas 

dt
AdA t

tt
)(

:


   

ewodeba t  zomis warmoebuli t  parametris mimarT. warmodgenidan 


2

1

12
)(

t

t
ttt d  

gamomdinareobs t  erTobliobis variaciiT uwyvetoba: 

)( 1212
ttCtt    

Tu zoma tt   absolluturad uwyvetia t -s mimarT, maSin radon-

nikodimis simkvrives 

)(),( x
d
dxt

t

t




   

ewodeba t -erTobliobis logariTmuli warmoebuli t  parametris 

mimarT. 
vTqvaT )(FB  SemosazRvruli zomadi funqciebis banaxis sivrcea 

Tanabari normiT. t -s diferencirebadoba, zemoT aRwerili azriT, 

eqvivalenturia Semdegi Tanafardobis 
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 )()()()( xdxxdx
dt
d

tt   

yoveli )( FB -Tvis, xolo t  erTobliobis logariTmuli 

warmoebulis arseboba Semdegi Tanafardobis 

)(,)(),()()()( FBxdxtxxdx
dt
d

tt  


  

magaliTad Tu    raime zomaa da ),( xt  t -s mimarT uwyvetad 

diferencirebadi namdvili SemosazRvruli dadebiTi funqcia da 1),( xT , 
maSin zomaTa erTobliobas 

 TtdxxtA
A

t ,0,)(),()(     

gaaCnia Semdegi saxis logariTmuli warmoebuli 

),(
),(),(

xt
xtxt





  

cxadia, aqedan SegviZlia davweroT, rom 

Ttext

t

dx




 0,),( 0

),( 

  
samarTliania, Sebrunebuli debulebac 
 

lema: Tu Mt  , ),0( Tt ,  erTobliobas ( F, ) zomad sivrceSi, 

gaaCnia logariTmuli warmoebuli ),( xt , romelic akmayofilebs pirobebs: 

3) ),( xt  uwyvetia t - s mimarT, t   T.Yy. 

4) ),( xt   SemosazRvrulia im azriT, rom arsebobs jj




1
U  

danawileba iseTi, rom ),( xt  SemosazRvrulia yovel   jT ,0 -ze, maSin 

nebismieri ori s  da     Ts 0,  , zomebi eqvivalenturia da  

      




s

dtxt
s ex

d
dxtsp 




 ),(

)(),,(       (2.5.2) 

 
damtkiceba: sakmarisia vaCvenoT, rom nebismieri  )()( FBx  -Tvis 

gamosaxuleba 

  ),(),,()(  tdxxtpx 


 

araa damokidebuli  ze, maSin t -Tvis  )()( xIx A  indikatoruli 

funqciisaTvis miviRebT (2.5.2)-s. vaCvenoT, rom .0),( xt
d
d



 

formalurad es gamomdinareobs Semdegi tolobebidan 

),(),,( xxtp 







 da tx

d
d

 ),(  

da amitom, sakmarisia SevamowmoT integralis niSnis qveS parametriT 
wevrwevrad gawarmoebis kanonzomiereba. 
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ganvixiloT Tanafardoba 

 

 )()(),,(),,()(

)(),,(),,()()()(),,()(

)(),,()()(),,()(1

dxdxxtpxtpx

dxxtpxtpxdxdxxtpx

dxxtpxdxxtpx





































































 

jer dauSvaT,  ),( x  SemosazRvrulia    jT ,0 -ze.  maSin samive 

SesakrebSi integralqveSa Ggamosaxulebebi SemosazRvrulia da 
SesaZlebelia zRvarze gadasvla, roca 0 , amasTan mesame Sesakrebi 
miiswrafis nolisaken, radgan 

0 tt   ,   roca 0  

zogad SemTxvevaSi, ganxilul pirobebSi, SegviZlia warmovadginoT 

jj




1
U  ise, rom yovel j -ze ),( x  SemosazRvrulia da nebismieri j -Tvis 

0)(),,()( 


dxxtpx
d
d

j




 

davubrundeT  (2.5.1) gantolebas 

       Xytytfty  )0()),(,()(  (2.5.1 ) 
SemTxveviTi X  sawyisi pirobiT, romelsac gaaCnia ucnobi )(xp  simkvrive. 

DdavuSvaT, rom: 

),()( xtff  Tavisi argumentebis mimarT uwyveti funqciaa da gaaCnia 

uwyveti warmoebuli ),( xtf x . 

(2.3.1 ) amocanis amonaxsni arsebobs, erTaderTia da warmoadgens 
SemTxveviT process, romelsac gaaCnia diferencirebadi traeqtoriebi 

albaTobiT 1. DdauSvaT t  aris )(ty  procesis ganawileba t  wertilSi 

cxadia, rom 

  
A

TAdttpA .0,)()(0  

sadac ],0[ T  borelis  algebraa ],0[ T -ze 
 

Teorema 2.5.1: Tu 0)( tp  da Sesrulebulia )( f  piroba, maSin t  

erTobliobas gaaCnia logariTmuli warmoebuli. 
 

Ddamtkiceba: DavRniSnoT tS -Ti (2.5.1 ) amocanasTan dakavSirebuli  

Seqcevadi evoluciuri erToblioba: 

TtsyStf
t

ySSSSISySty t
t

tssttt 



 


 0),,(,,,)( o  

maSin 
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dtSSpdssp

ASXPAXSPAtyPA

t
S A

t

ttt

to

)()()()(

)()())(()(

1
0

1
0

1
00

1













 


 

es ki niSnavs, rom t -s gaaCnia ganawilebis simkvrive da 

x
xSxSpxp t

tt 





 )()()(
1

01
0  

anu 

           
x

xS
xSpxp t

tt 



)(

)()( 0
0  (2.5.3) 

advilad gamoiTvleba t -s logariTmuli warmoebulic: 

x
xSxSp

t
xt t

t 








 )(
)(ln),(

1
01

0  

dauSvaT (2.3.1 ) amocanis amonaxsnze dakvirveba xdeba T  wertilSi da 

).(....,),(),( 21 TyTyTy n Sesabamisi SerCevaa. saWiroa Sefasdes X  SemTxveviTi 

sididis )(xp  simkvrive. GavagoT  birTvuli Sefaseba. 

dauSvaT )(xK  aris funqcia, romelsac gaaCnia Tvisebebi: 

)(k  )(xK  uwyveti, SemosazRvruli, integrirebadi, dadebiTi funqciaa 

R  ze da 1)(  dxxK
R

. 

GganvixiloT )(xp  simkvrivis birTvuli Sefaseba 

            









 


n

j n

j
T h

Tyx
K

nh
xp

1

)(1)(  (2.5.4) 

sadac  1nnh  mimdevroba akmayofilebs pirobas: 

)(h   nh  dadebiTi, nolisaken krebadi namdvili ricxvTa mimdevrobaa, 

romlisTvisac nnh . 

MmaSin, rogorc cnobilia  )(k  da )(h  pirobebSi [ix.28]   )(xpT  

warmoadgens )(xpT  simkvrivis Zaldebul  Sefasebas, amitom  )(xpt  

simkvrivis SefasebisaTvis (2.5.3) da (2.5.4) formulebidan gveqneba 

    )()()( 0
0 xSp
x

xSxp TT
t




  (2.5.5) 

Tu cnobilia (2.5.1) amocanis integraluri nakadi 0tS , maSin (2.5.5) 

formula warmoadgens saZiebel Sefasebas. Tumca zogierT SemTxvevaSi 
cxadi saxiT aseTi erTobliobis mocema rTuli amocanaa, amitom SegviZlia 
gamoviyenoT sxva xerxi.  

GganvixiloT koSis determinirebuli amocana 

xyytytfty  )0(),(,()( 0  
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da misTvis avagoT mimdevroba ),(xn  romelic Tanabradkrebadia 

koSis anocanis )(ty  amonaxsnissaken         (aseTia, magaliTad, pikaris 

procedura: 00
0

1 )(,...,2,1,))(,()( ytndsssfxt
t

n     ). xST 0 -is 

miaxloebad SegviZlia aviRoT )(0 TxS n
n
T   

amrigad vRebulobT, rom 

     ))((
))((

)( Tp
x
Txp nT

n 




  (2.5.6) 

warmoadgens )(xp  simkvrivis saZiebel Sefasebas. Aase, rom 
samarTliania 

 

Teorema 2.5.2. Tu koSis (2.5.1 ) amocanisaTvis Sesrulebulia 
)(),( kf da )(h  pirobebi, sadac X  ucnobi dadebiTi )(xp   simkvrivis 

SemTxveviTi funqciaa, maSin misi Zaldebuli Sefaseba moicema (2.5.6) 
formuliT 

 
SeniSvna. A Sefasebis ganxiluli meTodi SeiZleba gamoyenebuli iqnas 

sxva amocanebSic,  magaliTad stoqastur an kerZowarmoebulian 
diferencialur gantolebebSi SemTxveviTi sawyisi monacemebiT. 
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